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Hierarchical Supervisory Control under Partial
Observation: Normality

Jan Komenda and Tomáš Masopust

Abstract—Conditions preserving observability of specifications
between the plant and its abstraction are essential for hierarchi-
cal supervisory control of discrete-event systems under partial
observation. Observation consistency and local observation con-
sistency were identified as such conditions. To preserve normality,
only observation consistency is required. Although observation
consistency preserves normality between the levels for normal
specifications, for specifications that are not normal, observation
consistency is insufficient to guarantee that the supremal normal
sublanguage computed on the low level and on the high level co-
incide. We define modified observation consistency, under which
the supremal normal sublanguages of different levels coincide. We
show that the verification of (modified) observation consistency
is PSPACE-hard for finite automata and undecidable for slightly
more expressive models than finite automata. Decidability of
(modified) observation consistency is an open problem. Hence we
further discuss two stronger conditions that are easy to verify.
Finally, we illustrate the conditions on an example of a railroad
controller and on a case study of a part of an MRI scanner.

Index Terms—Discrete-event systems, Hierarchical supervisory
control, Observation consistency, Normality, Complexity.

I. INTRODUCTION

Organizing systems into hierarchical structures is a common
engineering practice used to overcome the combinatorial state-
space explosion. This technique has many applications across
control theory and computer science, including manufacturing,
robotics, and artificial intelligence [2]–[11].

Hierarchical supervisory control of discrete-event systems
(DES) viewed as a two-level system decomposition was intro-
duced by Zhong and Wonham [12]. The low-level plant (the
system to be controlled) is restricted by a specification over a
high-level alphabet. Based on the high-level abstraction of the
low-level plant, the aim of hierarchical supervisory control is
to synthesize a nonblocking and maximally permissive high-
level supervisor suitable for a low-level implementation. This
requirement is known as hierarchical consistency.

To achieve hierarchical consistency, Zhong and Wonham
provided a sufficient condition of output control consistency,
and extended the framework to hierarchical coordination con-
trol [13]. Wong and Wonham [14] later developed an abstract
hierarchical supervisory control theory that achieves hierarchi-
cal consistency by control consistency and observer property,
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and applied the theory to the Brandin-Wonham timed discrete-
event systems [15]; see Chao and Xi [16] for more details on
control consistency conditions.

Schmidt et al. [17] extended hierarchical supervisory con-
trol to decentralized systems, and Schmidt and Breindl [18]
weakened the sufficient condition to achieve maximal permis-
siveness of high-level supervisors in hierarchical supervisory
control under complete observation.

Fekri and Hashtrudi-Zad [19] considered hierarchical su-
pervisory control under partial observation, but they used the
model of Moore automata and defined the concepts of con-
trollable and observable events based on vocalization. Hence,
they needed a specific definition of the low-level supervisor.

We adapt the Ramadge-Wonham framework for DES where
a system G is modeled as a (deterministic) finite automaton
over a low-level alphabet Σ, and the abstraction is modeled
as a projection from Σ to a high-level alphabet Σhi ⊆ Σ.
The behavior of the high-level (abstracted) plant Ghi is the
projection of the behavior of the low-level plant G to the
high-level alphabet Σhi. Given a high-level specification K
over Σhi describing the required behavior of G in terms of
high-level events, the problem is to synthesize a nonblocking
and maximally permissive supervisor Shi on the high level
that, running in parallel with the low-level plant, behaves as a
nonblocking and maximally permissive low-level supervisor.

The above-mentioned concepts of observer property [14]
and output or local control consistency [12], [18] were devel-
oped to achieve hierarchical consistency for DES under com-
plete observation. Therefore, they are insufficient to achieve hi-
erarchical consistency under partial observation. We addressed
hierarchical supervisory control under partial observation and
achieved hierarchical consistency under the condition that all
observable events are high-level events [20]. Later, Boutin et
al. [21] provided weaker and less restrictive conditions of local
observation consistency and observation consistency.

While observation consistency suffices to preserve normality
between the levels [21], it does not suffice to preserve the
supremality of normal sublanguages of specifications that are
neither observable nor normal (Example 8). To overcome this
issue, we define a concept of modified observation consistency
(Definition 9), which preserves the supremality of normal
sublanguages of specifications between the levels and ensures
thus that the nonblocking and maximally permissive high-
level supervisor, running in parallel with the low-level plant,
behaves as the nonblocking and maximally permissive low-
level supervisor (Theorem 13 and Corollary 14). Comparing
observation consistency with modified observation consis-
tency, the latter is stronger (Lemma 10).
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From the computational side, verifying (modified) obser-
vation consistency is a PSPACE-hard problem (Theorem 15),
while decidability is a challenging open problem. Although
we do not solve decidability for finite automata, we solve
the open problem negatively for a slightly more expressive
model of one-turn deterministic pushdown automata (one-turn
DPDAs, Theorem 19). One-turn DPDAs are less expressive
than pushdown automata discussed in the supervisory control
literature in the context of controllability and synthesis as a
generalization to systems with automatic synthesis [22]–[26].

To tackle the decidability question, we provide an alternative
definition of (modified) observation consistency that may be
useful to show that a given plant does not satisfy (modified)
observation consistency (Theorem 4 and Theorem 11).

However, even if the verification of (modified) observation
consistency turned out to be decidable for finite automata, the
PSPACE-hardness result means that the verification would be
a computational obstacle. From the practical point of view,
it is therefore meaningful to consider abstractions that satisfy
stronger and computationally easily-verifiable conditions, such
as (i) all observable events are high-level events, or (ii) all
high-level events are observable. These conditions can be
easily verified and, in a sense, ensured by a suitable choice of
abstraction. In Section VII, we show that both conditions are
stronger than (modified) observation consistency.

We provide an illustrative example in Subsection V-A,
motivated by the railroad example of Alur [27], and discuss a
case study of a part of an MRI scanner [28] in Section VIII.

In part, the work was presented at WODES 2020. Compared
with the conference version [1] providing no proofs or only
sketches, we provide full proof details and revise and correct
some claims. In particular, we correct the statement of [1, The-
orem 5], claiming that the verification of (modified) observa-
tion consistency is PSPACE-complete for NFAs. Unfortunately,
our reasoning was incomplete, and hence decidability remains
open. Theorem 15 states the correct claim and strengthens the
result from NFAs to DFAs. We further revised the statement
of [1, Theorem 11], stated here as Theorem 13. The results not
presented in the conference version include the undecidability
of the verification of (modified) observation consistency for
one-turn DPDAs, and the illustrations of applicability of the
results in the railroad example and in the case study.

This paper is the first part focusing on normal supervisors.
The upcoming papers will focus on (i) relatively-observable
supervisors, and (ii) on the applications of hierarchical supervi-
sory control in modular and coordination supervisory control,
see the technical report [29] for preliminary results.

II. PRELIMINARIES AND DEFINITIONS

We assume that the reader is familiar with the basic notions
and concepts of supervisory control [30]. For a set A, |A|
denotes the cardinality of A. For an alphabet (finite nonempty
set) Σ, Σ∗ denotes the set of all finite strings over Σ; the
empty string is denoted by ε. A language L is a subset of Σ∗.
The prefix closure of L is the set L = {w ∈ Σ∗ | there is v ∈
Σ∗ such that wv ∈ L}, and L is prefix-closed if L = L.

A projection R : Σ∗ → Γ ∗, where Γ ⊆ Σ are alphabets, is
a morphism for concatenation that is defined by R(a) = ε for

Σ∗

Σ∗
o

Σ∗
hi

(Σo ∩ Σhi)
∗P Qo

PhiQ

Figure 1. Commutative diagram of abstractions and projections.

a ∈ Σ \ Γ , and R(a) = a for a ∈ Γ . The action of R on a
string a1a2 · · · an is to remove all events that are not in Γ , i. e.,
R(a1a2 · · · an) = R(a1)R(a2) · · ·R(an). The inverse image
of a w ∈ Γ ∗ under R is the set R−1(w) = {s ∈ Σ∗ | R(s) =
w}. The definitions can readily be extended to languages.

A nondeterministic finite automaton (NFA) is a quintuple
G = (Q,Σ, δ, q0, F ), where Q is a finite set of states, Σ is an
alphabet, q0 ∈ Q is the initial state, F ⊆ Q is the set of marked
states, and δ : Q×Σ → 2Q is the transition function that can be
extended to the domain 2Q×Σ∗ in the usual way. Automaton
G is deterministic (DFA) if |δ(q, a)| ≤ 1 for every state q ∈ Q
and every event a ∈ Σ, in which case we view the transition
function δ as δ : Q×Σ → Q. The language generated by G is
the set L(G) = {w ∈ Σ∗ | δ(q0, w) ∈ Q}, and the language
marked by G is the set Lm(G) = {w ∈ Σ∗ | δ(q0, w) ∈ F}.
By definition, Lm(G) ⊆ L(G), and L(G) is prefix-closed. If
Lm(G) = L(G), then G is called nonblocking.

A discrete-event system (DES) over Σ is a DFA over Σ
together with the specification of controllable events Σc and
uncontrollable events Σuc = Σ \ Σc, and observable events
Σo and unobservable events Σuo = Σ \Σo.

The parallel composition of languages Li ⊆ Σ∗
i is the lan-

guage ∥ni=1Li = ∩n
i=1P

−1
i (Li), where Pi : (∪n

i=1Σi)
∗ → Σ∗

i

is the projection, for i = 1, . . . , n. A corresponding definition
of the parallel composition for automata can be found in the lit-
erature [30]. In particular, for NFAs Gi, we have L(∥ni=1Gi) =
∥ni=1L(Gi) and Lm(∥ni=1Gi) = ∥ni=1Lm(Gi). The languages
Li are (synchronously) nonconflicting if ∥ni=1Li = ∥ni=1Li.

III. HIERARCHICAL SUPERVISORY CONTROL

Before stating the hierarchical supervisory control problem
for partially observed DES, we review and fix the notation of
the supervisory control theory [30]. We denote the low-level
alphabet by Σ, the high-level alphabet by Σhi ⊆ Σ, the set of
observable events by Σo ⊆ Σ, the system’s partial observation
by projection P : Σ∗ → Σ∗

o , the high-level abstraction by
projection Q : Σ∗ → Σ∗

hi, and the corresponding restricted
observations and abstractions by Phi : Σ

∗
hi → (Σhi ∩ Σo)

∗

and Qo : Σ
∗
o → (Σhi ∩Σo)

∗, cf. Figure 1.
For a DES G over Σ, we denote by Γ = {γ ⊆ Σ | Σuc ⊆

γ} the set of control patterns. A supervisor of G with respect
to Γ is a map S : P (L(G)) → Γ . The closed-loop system of G
and S is the minimal language L(S/G) such that ε ∈ L(S/G)
and for every s ∈ L(S/G), if sa ∈ L(G) and a ∈ S(P (s)),
then sa ∈ L(S/G). Intuitively, the supervisor disables some
of the transitions, but never an uncontrollable transition.

Considering the marked language of the closed-loop system,
there are two approaches: (i) the marking is adopted from
the plant G, that is, Lm(S/G) = L(S/G) ∩ Lm(G), and
(ii) the supervisor marks according to a given specification
M ⊆ L(G), i. e., Lm(S/G) = L(S/G)∩M . In the latter case,
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the existence of a supervisor that achieves the specification is
equivalent to controllability and observability of the specifica-
tion, whereas, in the former case, an additional assumption of
Lm(G)-closedness is needed [31, Section 6.3]. If the closed-
loop system is nonblocking, i. e., Lm(S/G) = L(S/G), then
the supervisor S is called nonblocking.

In this paper, we focus on the preservation of controllability
and observability between the levels, which is equivalent to
considering marking supervisors.

Problem 1 (Hierarchical Supervisory Control). Let G be a
low-level plant over Σ, and let K be a high-level specification
over Σhi ⊆ Σ. We define the abstracted high-level plant Ghi

over Σhi by L(Ghi) = Q(L(G)) and Lm(Ghi) = Q(Lm(G)).
Based on Ghi and K, the hierarchical supervisory control
problem is to find theoretical conditions, under which a non-
blocking low-level supervisor S exists such that Lm(S/G) =
K∥Lm(G). ⋄

Intuitively, we look for conditions on the low-level plant G,
under which controllability and observability of K∥Lm(G)
with respect to L(G) is equivalent to controllability and
observability of K with respect to L(Ghi). Such conditions
are known for controllability, namely Lm(G)-observer [14]
and output or local control consistency [12], [18], but not
yet well understood for observability. Although Boutin et
al. [21] identified such conditions, observation consistency and
local observation consistency, the decidability status of their
verification is open for finite automata, and the conditions
guarantee neither the preservation of maximal permissiveness
of supervisors between the levels, nor the preservation of the
supremality of normality between the levels, see Section V.

We now recall the definitions of observation consistency and
local observation consistency of Boutin et al. [21].

A prefix-closed language L ⊆ Σ∗ is observation consistent
(OC) with respect to projections Q, P , and Phi if for every
high-level strings t, t′ ∈ Q(L) with Phi(t) = Phi(t

′), there
are low-level strings s, s′ ∈ L such that Q(s) = t, Q(s′) = t′,
and P (s) = P (s′). Intuitively, any two strings with the same
observation in the high-level plant have corresponding strings
with the same observation in the low-level plant.

A prefix-closed language L ⊆ Σ∗ is locally observation
consistent (LOC) with respect to Q, P , and Σc if, for every
s, s′ ∈ L and every e ∈ Σc ∩ Σhi such that Q(s)e,Q(s′)e ∈
Q(L) and P (s) = P (s′), there are low-level strings u, u′ ∈
(Σ \ Σhi)

∗ such that P (u) = P (u′) and sue, s′u′e ∈ L.
Intuitively, if we can extend two observationally equivalent
high-level strings by the same controllable event, we can also
extend their corresponding low-level observationally equiv-
alent strings by this same event in the original plant after
(possibly empty) low-level strings with the same observations.

In this paper, we are interested only in the OC condition,
because, as shown in (3) of Theorem 2, the LOC condition
plays no role in preserving normality. We discuss the OC
condition in detail in Section IV.

Before we summarize the main results of Boutin et al. [21]
in Theorem 2, we recall the basic concepts of supervisory
control that are necessary for their understanding.

Let G be a DES over Σ. A language K ⊆ Lm(G) is con-
trollable with respect to L(G) and uncontrollable events Σuc if
KΣuc∩L(G) ⊆ K, and K is normal with respect to L(G) and
P : Σ∗ → Σ∗

o if K = P−1[P (K)] ∩ L(G) [32]. A language
K ⊆ L(G) is observable with respect to L(G), observable
events Σo with the corresponding projection P : Σ∗ → Σ∗

o ,
and controllable events Σc if for every s, s′ ∈ L(G) with
P (s) = P (s′) and every e ∈ Σc, whenever se ∈ K, s′e ∈
L(G), and s′ ∈ K, we have s′e ∈ K. For algorithms verifying
controllability and observability, see the literature [30].

Projection Q : Σ∗ → Σ∗
hi is an Lm(G)-observer for a

nonblocking DES G over Σ if, for every t ∈ Q(Lm(G)) and
s ∈ Lm(G), whenever Q(s) is a prefix of t, then there is
u ∈ Σ∗ such that su ∈ Lm(G) and Q(su) = t.

We say that Q is locally control consistent (LCC) for s ∈
L(G) if, for every e ∈ Σhi ∩Σuc such that Q(s)e ∈ L(Ghi),
either there is no u ∈ (Σ \ Σhi)

∗ such that sue ∈ L(G) or
there is u ∈ (Σuc \ Σhi)

∗ such that sue ∈ L(G). We call Q
LCC for a language M ⊆ L(G) if Q is LCC for every s ∈ M .

Theorem 2 (Boutin et al. [21]). Let G be a nonblocking DES
over Σ, and let K ⊆ Q(Lm(G)) be a high-level specification.

(1) If L(G) is observation consistent w.r.t. Q, P , and Phi, K
and Lm(G) are nonconflicting, and L(G) is locally observa-
tion consistent w.r.t. Q, P , and Σc, then K is observable w.r.t.
Q(L(G)), Σhi ∩Σo, and Σhi ∩Σc if and only if K∥Lm(G)
is observable w.r.t. L(G), Σo, and Σc.

(2) If Q is an Lm(G)-observer and LCC for L(G), and
L(G) is observation consistent w.r.t. Q, P , and Phi, and
locally observation consistent w.r.t. Q, P , and Σc, then K
is controllable w.r.t. Q(L(G)) and Σuc∩Σhi, and observable
w.r.t. Q(L(G)), Σo ∩ Σhi, and Σc ∩ Σhi if and only if
K∥Lm(G) is controllable w.r.t. L(G) and Σuc, and observ-
able w.r.t. L(G), Σo, and Σc.

(3) If L(G) is observation consistent w.r.t. Q, P , and Phi,
and K and Lm(G) are nonconflicting, then K is normal w.r.t.
Q(L(G)) and Phi if and only if K∥Lm(G) is normal w.r.t.
L(G) and P .

IV. OBSERVATION CONSISTENCY

In this section, we express the OC condition as an inclusion
of relational languages. This expression may be useful to
show that a given plant does not satisfy OC, as illustrated by
Example 5 below. To this end, we generalize the parallel com-
position to an arbitrary set of synchronizing events using the
event pairs in a similar way as discussed, e. g., in Arnold [33].

Definition 3. Let L1 ⊆ Σ∗
1 and L2 ⊆ Σ∗

2 be the lan-
guages of the NFAs G1 = (Q1, Σ1, δ1, q1, F1) and G2 =
(Q2, Σ2, δ2, q2, F2), respectively. Let Σ′ ⊆ Σ1 ∩Σ2 be a set
of synchronizing events. The parallel composition of L1 and
L2 synchronized on the events of Σ′ is denoted by L1 |||Σ′ L2

and defined as the language of the NFA

G1 |||Σ′ G2 = (Q1 ×Q2, Γ, δ, (q1, q2), F1 × F2)

where the alphabet Γ ⊆ (Σ1 ∪ {ε}) × (Σ2 ∪ {ε}) is a
set of pairs of events based on the synchronization alphabet
Σ′. There are two different categories of pairs to construct,
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corresponding to events in Σ′ and events in (Σ1∪Σ2)\Σ′. For
a ∈ Σ′ we have the pair (a, a) in Γ , for a ∈ Σ1 \Σ′ we have
the pair (a, ε) in Γ , and for a ∈ Σ2\Σ′ we have the pair (ε, a)
in Γ . The transition function δ : (Q1 ×Q2)×Γ → 2Q1×Q2 is
defined on any (p, q) ∈ Q1 ×Q2 as follows:

• for a ∈ Σ′, G1 and G2 proceed synchronously, i. e.,
– δ((p, q), (a, a)) = δ1(p, a)× δ2(q, a);

• for a ∈ Σ1 \Σ′, G2 does not move, i. e.,
– δ((p, q), (a, ε)) = δ1(p, a)× {q};

• for a ∈ Σ2 \Σ′, G1 does not move, i. e.,
– δ((p, q), (ε, a)) = {p} × δ2(q, a);

• undefined otherwise. ⋄
For simplicity, we write a sequence of event pairs, such as

(a1, ε)(a2, a2)(ε, a3), as a pair of concatenated components,
that is, (a1a2, a2a3). In accordance with Definition 3, the
language of G1 |||Σ′ G2 consists of all pairs of strings (w,w′) ∈
L1 × L2, where w and w′ coincide on the events of Σ′, that
is, P ′(w) = P ′(w′) for the projection P ′ : (Σ1∪Σ2)

∗ → Σ′∗.
We call such languages relational languages.

We now use this structure to express the OC condition as
an inclusion of two relational languages.

Theorem 4. Let L ⊆ Σ∗ be a prefix-closed language, and let
Σo and Σhi be resp. the observable and high-level alphabets.
Then, L is OC with respect to Q, P , and Phi if and only if

Q(L) |||Σhi∩Σo
Q(L) ⊆ Q

(
L |||Σo

L
)

(1)

where, for an event (a, b), Q(a, b) = (Q(a), Q(b)).

Proof: Recall that OC states that for all t, t′ ∈ Q(L)
with Phi(t) = Phi(t

′), there are s, s′ ∈ L such that Q(s) = t,
Q(s′) = t′, and P (s) = P (s′). The intuition behind (1) is
to couple all strings t, t′ ∈ Q(L) with the same high-level
observations—the pairs (t, t′) ∈ Q(L) |||Σhi∩Σo

Q(L)—and to
verify that for every such pair there are strings s, s′ ∈ L with
the same observations—the pairs (s, s′) ∈ L |||Σo

L—that are
abstracted to the pair (t, t′), i. e., (Q(s), Q(s′)) = (t, t′).

Formally, we first show that if L is OC, then (1) holds.
To this end, assume that (t, t′) ∈ Q(L) |||Σhi∩Σo

Q(L). By
the definition of |||Σhi∩Σo

, we have that t, t′ ∈ Q(L) and t, t′

coincide on the events of Σhi ∩ Σo, i. e., Phi(t) = Phi(t
′).

Since L is OC, there are s, s′ ∈ L such that Q(s) = t, Q(s′) =
t′, and P (s) = P (s′). However, P (s) = P (s′) implies that
(s, s′) ∈ L |||Σo

L, and Q(s) = t and Q(s′) = t′ imply that
(Q(s), Q(s′)) = (t, t′), which shows inclusion (1).

On the other hand, assume that (1) holds. We show that L
is OC. To do this, consider t, t′ ∈ Q(L) such that Phi(t) =
Phi(t

′). By the definition of |||Σhi∩Σo
, we obtain that (t, t′) ∈

Q(L) |||Σhi∩Σo
Q(L). Since (1) holds, (t, t′) ∈ Q(L |||Σo

L),
which means that there is a pair (s, s′) ∈ L |||Σo

L such that
(Q(s), Q(s′)) = (t, t′). However, (s, s′) ∈ L |||Σo

L implies
that the strings s and s′ belong to L and coincide on the
events from Σo, i. e., P (s) = P (s′). Therefore, L is OC.

In the following example, we illustrate the previous con-
struction and its application for finding counterexamples vio-
lating the OC condition.

1 2 3
a, c b

1 2 3
a b

b

Figure 2. Plant G with language L and the plant of its abstraction Q(L).
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Figure 3. Languages Q(L) |||{b} Q(L), L |||{b,c} L, and Q(L |||{b,c} L), resp.

Example 5. Consider the plant over Σ = {a, b, c} defined
by the automaton G depicted in Figure 2 (left), and denote
its language by L. Let Σhi = {a, b} be the high-level events,
and let Σo = {b, c} be the observable events. The abstracted
plant with the language Q(L) is depicted in Figure 2 (right).
The compositions Q(L) |||{b} Q(L), L |||{b,c} L, Q(L |||{b,c} L)
are depicted in Figure 3. Notice that the pair of strings
(ab, b) belongs to Q(L) |||{b} Q(L) but not to Q(L |||{b,c} L),
and hence the strings ab and b violate the OC condition,
showing thus that L is not OC. ⋄

Since both sides of inclusion (1) are represented by finite
automata, it could seem that we can verify the OC condition
by checking the inclusion by the classical algorithms verifying
the inclusion of the languages of two NFAs. However, it is not
the case because the languages are not classical languages, but
rather relational languages.

The following example illustrates this issue.

Example 6. Consider the plant defined by the DES G depicted
in Figure 4 (left), and denote its language by L. Let Σhi =
{a, c} be the high-level alphabet, and let Σo = {b} be the sin-
gle observable event. The languages Q(L) |||∅ Q(L), L |||{b} L,
and Q(L |||{b} L) are shown in Figure 5. The reader may see
that the string (a, ε)(c, ε)(ε, a)(ε, c) ∈ Q(L) |||∅ Q(L) but not
in Q(L |||{b} L), which seems to suggest that inclusion (1)
does not hold. However, (a, ε)(c, ε)(ε, a)(ε, c) = (ac, ac) =
(a, ε)(ε, a)(c, ε)(ε, c), and the string (a, ε)(ε, a)(c, ε)(ε, c) ∈
Q(L |||{b} L). Therefore, the pair of strings (ac, ac) belongs to
both sides of inclusion (1) and, in fact, the inclusion holds. ⋄

Considering the previous example, the reader may notice
that for every string from the language Q(L) |||∅ Q(L) that is
suspected of violating the OC condition, such as the string
(a, ε)(c, ε)(ε, a)(ε, c), we can check whether at least one of

1 2 3 4
a b c

1 2 3
a c

Figure 4. Plant G with the language L and its abstraction Q(L).
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Figure 5. Languages Q(L) |||∅ Q(L), L |||{b} L, and Q(L |||{b} L), resp.

its permutations is present in the language Q(L |||{b} L). If
none of the permutations belongs to Q(L |||{b} L), the OC
condition does not hold. Specifically, we may notice that
the plant G preserves the order of a and c, and hence we
only need to consider permutations that preserve the order of
a and c. This means that the pairs of events ((a, ε), (ε, c))
and ((ε, a), (c, ε)) may be interchanged in the strings. Adding
all strings constructed this way to Q(L |||{b} L) results in the
commutative closure of Q(L |||{b} L), which, in the previous
example, coincides with Q(L) |||∅ Q(L), and hence the inclu-
sion Q(L) |||∅ Q(L) ⊆ Q(L |||{b} L) holds.

To generalize this observation, let Σ be an alphabet, and let
I ⊆ Σ×Σ be a symmetric relation. The closure of a language
L ⊆ Σ∗ with respect to the partial commutation relation I
is denoted by [L]I . The language [L]I is defined as the least
language over Σ that contains L and satisfies that uabv ∈ [L]I
if and only if ubav ∈ [L]I for every u, v ∈ Σ∗ and (a, b) ∈ I .
It is known that regular languages are not closed under partial
commutation, and that the question whether the closure of a
regular language remains regular or not is decidable if and
only if the partial commutative relation I is transitive [34].1

For the previous example, the partial commutative relation I =
{((a, ε), (ε, c)), ((ε, c), (a, ε)), ((ε, a), (c, ε)), ((c, ε), (ε, a))}
is transitive in the considered sense. More details can be found
in the literature [35], [36]. Consequently, in these cases, if
the closure is regular and can be algorithmically constructed,
the OC condition is decidable by the classical NFA inclusion
algorithms. In general, however, the decidability status of the
verification of OC is open, as well as the complexity of the
decidable cases, see further discussion in Section VI.

V. SUPREMALITY OF NORMAL SUBLANGUAGES

The hierarchical supervisory control problem requires that
the specification is exactly achieved by a supervisor. In other
words, the specification is observable. What if the specification
is not observable? A common approach is to find a suitable
observable sublanguage of the specification and to construct
a supervisor to achieve this sublanguage. Since there are no
supremal observable sublanguages in general, the supremal
normal sublanguages are considered instead.

1Here the notion of transitivity has the meaning that for every three different
events a, b, c ∈ Σ, if (a, b), (b, c) ∈ I , then also (a, c) ∈ I .

Problem 7 (Hierarchical Supervisory Control Synthesis). Let
G be a low-level plant over Σ, and let K be a high-level
specification over Σhi ⊆ Σ. Define the abstracted high-level
plant Ghi over Σhi by L(Ghi) = Q(L(G)) and Lm(Ghi) =
Q(Lm(G)). The hierarchical supervisory control synthesis
problem is to construct, based on the high-level plant Ghi

and the high-level specification K, a nonblocking low-level
supervisor S—one that is maximally permissive to the extent
bounded by a mathematically well-behaved concept stronger
than observability—such that Lm(S/G) ⊆ K∥Lm(G).2 ⋄

Intuitively, we want to construct a nonblocking and max-
imally permissive high-level supervisor Shi with respect to
the high-level plant Ghi and the high-level specification K
satisfying Lm(Shi/Ghi) ⊆ K without constructing the non-
blocking and maximally permissive low-level supervisor S,
such that the closed-loop system Lm(Shi/G) coincides with
the closed-loop system Lm(S/G) ⊆ K∥Lm(G). Denoting the
automaton realizing the high-level supervisor Shi by GShi

,
we may implement the low-level supervisor in the form of
Lm(S/G) = Lm(GShi

∥G) = Lm(Shi/G). In other words, we
only construct the high-level supervisor, obtaining the closed-
loop system Lm(S/G) as the closed-loop system Lm(Shi/G).

In the sequel, we focus only on the construction of normal
supervisors, because the conditions for controllable supervi-
sors are well known in the literature as discussed above.

Compared with (3) of Theorem 2, which states that, under
the OC condition, the high-level specification K is normal if
and only if the low-level language K∥Lm(G) is normal, the
following example shows that OC is insufficient to preserve the
supremality of normality if the supremal normal sublanguage
of K is a strict subset of K. The problem is that the supremal
normal sublanguage of K∥Lm(G) is in general not of the form
X∥Lm(G) for a convenient language X ⊆ K that would be
the supremal normal sublanguage of K at the high level.

For a prefix-closed language L and a specification K ⊆ L,
we denote by supN(K,L, P ) the supremal normal sublan-
guage of K with respect to the plant language L and the
projection P to observable events.

Example 8. Consider the alphabet Σ = {a, b, c} with observ-
able events Σo = {a, c} and high-level events Σhi = {b, c},
and the language L = {ε, a, b, c, ba, ac, bac}. To show that L
is OC, notice that Phi(ε) = ε = Phi(b) and Phi(c) = c =
Phi(bc). There are two cases: (i) t = ε and t′ = b, which is
trivial because we can choose s = t = ε and s′ = t′ = b to
satisfy OC, and (ii) t = c and t′ = bc, where we choose s = ac
and s′ = bac, since then Q(s) = c = t, Q(s′) = bc = t′, and
P (s) = ac = P (s′). Thus, L is OC.

To compute the supremal normal sublanguage of K =
{ε, b, c} ⊆ Q(L) = {ε, b, c, bc}, we use the formula

supN(B,M,P ) = B − P−1P (M −B)Σ∗

for prefix-closed languages B ⊆ M ⊆ Σ∗ [37], and obtain
that K∥L = a∗ba∗ ∪ a∗ca∗ ∪ a∗ ∩ L = {ε, a, b, c, ba, ac},
L−K∥L = {bac}, and P−1P (bac) = P−1(ac) = b∗ab∗cb∗,
i. e., c ∈ supN(K∥L,L, P ) = K∥L−P−1P (L−K∥L)Σ∗ =

2In this paper, normality is the stronger observability concept applied.
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∀s ∈ L P (s) = P (s′) ∃s′ ∈ L.Q(s′) = t′

Q(s) Phi(Q(s)) = Phi(t
′) ∀t′ ∈ Q(L)

P P

Q

Phi Phi

Q

Figure 6. Illustration of the MOC condition.

{ε, a, b, c, ba}. On the other hand, Q(L)−K = {ε, b, c, bc}−
{ε, b, c} = {bc}, Phi(bc) = c, and P−1

hi (c) = b∗cb∗, and hence
c /∈ supN(K,Q(L), Phi) ∥ L = Q−1(K − P−1

hi Phi(Q(L) −
K)Σ∗

hi) ∩ L = Q−1({ε, b}) ∩ L = {ε, a, b, ba}. Clearly,
supN(K,Q(L), Phi)∥L ⊆ supN(K∥L,L, P ). Therefore, OC
does not guarantee that supN(K,Q(L), Phi) ∥ L (at the high
level) preserves supN(K∥L,L, P ) (at the low level). ⋄

To guarantee the preservation of the supremal normal sub-
languages, we modify the OC condition by fixing one of the
low-level strings.

Definition 9. A prefix-closed language L ⊆ Σ∗ is modified
observation consistent (MOC) with respect to projections Q,
P , and Phi if for every string s ∈ L and every string t′ ∈ Q(L)
with Phi(Q(s)) = Phi(t

′), there is a string s′ ∈ L such that
Q(s′) = t′ and P (s) = P (s′). □

Intuitively, every string that looks the same as a low-level
string s on the high level has a corresponding string that looks
the same as s on the low level, cf. Figure 6.

Notice that the language L of Example 8 does not satisfy
MOC, which may be verified directly or by Theorem 11 below.
Indeed, considering the strings s = c ∈ L and t′ = bc ∈ Q(L),
Phi(Q(c)) = c = Phi(bc), but for s′ ∈ Q−1(bc)∩L = {bac},
P (s) = c ̸= ac = P (s′). Hence the notions of OC and MOC
are not equivalent.

Comparing the notions of OC and MOC, MOC is stronger.

Lemma 10. MOC implies OC.

Proof: If L is MOC, then for any t, t′ ∈ Q(L) with
Phi(t) = Phi(t

′), there is s ∈ L such that t = Q(s). Hence, by
MOC, there is s′ ∈ L such that P (s) = P (s′) and Q(s′) = t′,
which shows that L is OC.

The expression of MOC in terms of an inclusion of rela-
tional languages is similar to that of OC.

Theorem 11. Let L ⊆ Σ∗ be a prefix-closed language, and
let Σo and Σhi be the respective observation and high-level
alphabets. Then L is MOC w.r.t. Q, P , and Phi if and only if

L |||Σhi∩Σo
Q(L) ⊆ Q2

(
L |||Σo

L
)

where Q2(a, b) = (a,Q(b)) for every event pair (a, b).

Proof: We first show that if L is MOC, then the inclusion
holds. To this end, assume that (s, t′) ∈ L |||Σhi∩Σo

Q(L). By
the definition of |||Σhi∩Σo

, we have that s ∈ L, t′ ∈ Q(L), and
Phi(Q(s)) = Phi(t

′). Since L is MOC, there is s′ ∈ L such
that Q(s′) = t′ and P (s) = P (s′). However, P (s) = P (s′)
implies that (s, s′) ∈ L |||Σo

L, and hence Q(s′) = t′ implies
that (s,Q(s′)) = (s, t′), which shows the inclusion.

On the other hand, we show that the inclusion implies that
L is MOC. For s ∈ L and t′ ∈ Q(L) with Phi(Q(s)) =
Phi(t

′), the definition of |||Σhi∩Σo
implies that (s, t′) ∈

L |||Σhi∩Σo
Q(L). Since L |||Σhi∩Σo

Q(L) ⊆ Q2(L |||Σo
L), we

have that (s, t′) ∈ Q2(L |||Σo
L), and hence there is a pair

(s, s′) ∈ L |||Σo
L such that (s,Q(s′)) = (s, t′). Since

(s, s′) ∈ L |||Σo
L, strings s and s′ belong to L and coincide

on Σo, i. e., P (s) = P (s′).
We now show that the MOC condition guarantees that

abstractions preserve normality of specification languages.

Lemma 12. For a DFA G, let L = L(G) and Lm = Lm(G).
If L is MOC with respect to Q, P , and Phi, then normality of
S ⊆ Lm with respect to L and P implies normality of Q(S)
with respect to Q(L) and Phi.

Proof: Since Q(S) ⊆ P−1
hi Phi(Q(S))∩Q(L), we need to

show the opposite inclusion. Let t′ ∈ P−1
hi Phi(Q(S))∩Q(L).

Then, there is s ∈ S such that Phi(Q(s)) = Phi(t
′). By MOC,

there is s′ ∈ L such that Q(s′) = t′ and P (s) = P (s′), i. e.,
s′ ∈ P−1P (s)∩L ⊆ P−1P (S)∩L = S. Hence, t′ = Q(s′) ∈
Q(S).

We now show that, under the MOC condition, the high-level
supervisor Shi realizing the supremal normal sublanguage of
the specification K with respect to the high-level plant Ghi can
be used to implement a nonblocking and maximally permissive
low-level supervisor S such that Lm(S/G) = Lm(Shi/G).
In particular, the automaton realization GShi

of the high-level
supervisor Shi implements the low-level supervisor in the form
of Lm(S/G) = Lm(GShi

∥ G).

Theorem 13. For a nonblocking DFA G, let L = L(G) and
Lm = Lm(G). If L is MOC with respect to Q, P , and Phi,
then for every high-level specification K ⊆ Q(Lm),

supN
(
K∥Lm, L, P

)
= supN(K,Q(L), Phi) ∥ Lm

whenever supN(K,Q(L), Phi) and Lm are nonconflicting.

Proof: In order to prove the theorem, we need to show
that supN

(
K∥Lm, L, P

)
= Q−1(supN(K,Q(L), Phi))∩Lm.

Since supN
(
K∥Lm, L, P

)
⊆ K∥Lm ⊆ Lm, to prove that

supN
(
K∥Lm, L, P

)
⊆ Q−1(supN(K,Q(L), Phi)) ∩ Lm, we

show that supN
(
K∥Lm, L, P

)
⊆ Q−1(supN(K,Q(L), Phi)).

However, supN
(
K∥Lm, L, P

)
⊆ Q−1(supN(K,Q(L), Phi))

holds if and only if the inclusion Q(supN
(
K∥Lm, L, P

)
) ⊆

supN(K,Q(L), Phi) holds. Consider a language S ⊆ K∥Lm

normal w.r.t. L and P . Then, by Lemma 12, Q(S) ⊆ K ∩
Q(Lm) = K is normal w.r.t. Q(L) and Phi, which shows that
Q(supN

(
K∥Lm, L, P

)
) ⊆ supN(K,Q(L), Phi), and finishes

this part of the proof.
To show supN(K,Q(L), Phi)∥Lm ⊆ supN

(
K∥Lm, L, P

)
,

we show that supN(K,Q(L), Phi) ∥ Lm is normal w.r.t. L and
P . For brevity, we set supN = supN(K,Q(L), Phi). Then

supN ∥Lm ⊆ P−1P (supN ∥Lm) ∥ Lm

⊆ P−1
hi Phi(supN) ∥ P−1P (Lm) ∥ Lm

= P−1
hi Phi(supN) ∥ Lm

= P−1
hi Phi(supN) ∥ Lm ∥ Q(Lm)

= P−1
hi Phi(supN) ∥ Lm ∥ Q(Lm)
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Figure 7. A bridge at the railroad where two tracks merge to a single track.
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Figure 8. Generators G1 and G2 modeling the trains T1 and T2, resp.

= P−1
hi Phi(supN) ∥ Lm ∥ Q(L)

= [P−1
hi Phi(supN) ∩Q(L)] ∥ Lm

= supN ∥ Lm = supN ∥Lm

where the equality on the third line comes from the fact that
P−1P (Lm)∥Lm = P−1P (Lm) ∩ Lm = Lm, because Lm ⊆
P−1P (Lm), the last but one equality comes from normality
of supN, and the last equality as well as the second inclu-
sion come from nonconflictingness of the languages. There-
fore, supN(K,Q(L), Phi) ∥ Lm ⊆ supN(K∥Lm, L, P ), as
claimed.

For prefix-closed specifications, we obtain the following.

Corollary 14. If G is a DFA such that its language L = L(G)
is MOC with respect to Q, P , and Phi, then

supN
(
K∥L,L, P

)
= supN(K,Q(L), Phi) ∥ L

for every prefix-closed high-level specification K ⊆ Q(L).

Recall that we only compute the high-level supremal normal
sublanguage supN(K,Q(L), Phi), not the low-level supre-
mal normal sublanguage supN

(
K∥Lm, L, P

)
, achieving the

closed-loop system Lm(Shi/G) = Lm(S/G).

A. Railroad Controller

To illustrate Theorem 13, we consider the synthesis of a
bridge controller for a two-train railroad system motivated by
Alur [27]. There are two circular tracks, one for trains traveling
clockwise and the other for trains traveling counterclockwise.
At one place, there is a bridge where the two tracks merge,
cf. Figure 7 for an illustration.

To control the access to the bridge, the trains communicate
with a bridge controller, which we are constructing. In partic-
ular, there are two trains, the western train T1 and the eastern
train T2. If the western train arrives at the bridge, it sends the
arrive signal aw. If the bridge controller accepts the signal, the
train can enter the bridge (ew); otherwise, it waits (ww) and
keeps sending the arrive signal aw until it is accepted. When
leaving the bridge, the train sends the signal (ℓw). The eastern
train behaves the same way. The models of the two trains are
depicted in Figure 8.

To construct the bridge controller, we consider the parallel
composition G1∥G2 of the train models as the plant, and post
the following safety requirements on the supervisor. First, a
train may enter the bridge only if its arrive signal is accepted.

1

2 3

4 5

we

ww

aw
`w

ae
`e

wwwe

1 2

34

ww, we

ae

`e

ww

aw`w

`e

ae
we

`waw

Figure 9. The specification K (left) and the high-level plant Ghi (right).
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ww

we

ae ee `e

aw ew `w

we

ww

Figure 10. On the left, the language supN(K,L(Ghi), Phi), the high-level
supervisor; and on the right, the language supN(K,L(Ghi), Phi) ∥ Lm(G),
the low-level supervisor.

The arrive signal may be accepted if the other train waits (or
is away from the bridge) and there is no train on the bridge.
We define a specification that takes care not only about this
requirement, but also ensures a kind of fairness, cf. Figure 9.
In particular, both trains wait before the arrive signal of one
of the trains is accepted, and no train that wants to enter the
bridge should wait for ever.

To focus primarily on partial observation, we assume that
all events are controllable. Suppose that the events ℓw and ℓe
are unobservable, that is, Σo = {ww, we, aw, aw, ee, ew}, and
that the high-level alphabet is Σhi = {ww, we, aw, aw, ℓ2, ℓw}.
From the low-level plant G = G1∥G2, which is obviously
nonblocking because the plants share no events, we construct
the high-level plant Ghi as the projection of G to the high-level
alphabet Σhi, cf. Figure 9.3

We can verify that G satisfies MOC. In fact, to verify MOC
for G is already quite nontrivial. Therefore, we rather verify
MOC for both G1 and G2 locally and make use of [1, Theo-
rem 15], see also [29, Theorem 20], to obtain that G satisfies
MOC. Then, by Theorem 13, supN(K∥Lm(G), L(G), P ) =
supN(K,L(Ghi), Phi)∥Lm(G).

Finally, we construct the high-level supervisor Shi real-
izing the language supN(K,L(Ghi), Phi), depicted in Fig-
ure 10. Theorem 13 now implies that the closed-loop system
Lm(Shi/G) = supN(K,L(Ghi), Phi)∥Lm(G) coincides with
the closed-loop Lm(S/G) = supN(K∥Lm(G), L(G), P ) for
a nonblocking and maximally permissive low-level supervisor
S. The high-level and low-level supervisors are compared in
Figure 10.

VI. DECIDABILITY AND COMPLEXITY OF (M)OC

A decision problem is a yes-no question. A decision prob-
lem is decidable if there is an algorithm solving it. Complexity
theory classifies decidable problems into classes based on
time or space an algorithm needs to solve the problem. The

3In this case, we may construct the high-level plant Ghi as the parallel
composition of the local high-level abstractions of the plants G1 and G2.
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Figure 11. Construction of the DFA B from the DFA A′.

complexity class we consider is PSPACE, denoting all prob-
lems solvable by a deterministic polynomial-space algorithm.
A decision problem is PSPACE-hard if every problem from
PSPACE can be reduced to it by a polynomial-time algorithm.
If the problem belongs to PSPACE, it is PSPACE-complete.
It is a longstanding open problem whether PSPACE-complete
problems can be solved in polynomial time.

We show that verifying (M)OC is PSPACE-hard for systems
modeled by finite automata.

Theorem 15. Verifying (M)OC for DFAs is PSPACE-hard.

Proof: We reduce the PSPACE-complete problem of de-
ciding universality for NFAs with all states marked [38]. The
problem asks whether, given an NFA A over Σ with all states
marked, its language L(A) = Σ∗. These NFAs recognize
prefix-closed languages, i. e., L(A) = Lm(A).

Let A = (Q,Σ, δ, q0, Q) be an NFA with all states marked.
We first modify A to a DFA by adding additional transitions.
Namely, for every transition p

a−→ q of A, we add a new marked
state xp,a,q and a new event ap,a,q , and replace the transition
p

a−→ q with two transitions p
ap,a,q−−−−→ xp,a,q

a−→ q. We denote
the resulting automaton by A′ and the set of newly added
events by Σ′. Obviously, A′ is deterministic with all states
marked, i. e., L(A′) = Lm(A′). Further, a string w belongs
to L(A) if and only if there is a path in A′ where the events
on odd positions belong to Σ′, and the sequence of events on
even positions forms w; i. e., a1 . . . an ∈ L(A) if and only if
Σ′a1Σ′ · · ·Σ′an ∩ L(A′) ̸= ∅.

In the second step, we construct a DFA B such that

Lm(B) = @#L(A′) ∪@(Σ′Σ)∗ ∪#(Σ′Σ)∗ ∪ L(A′)

where @ and # are new events. It is not difficult to construct
B from A′ in polynomial time. In particular, to ensure that
Lm(B) accepts everything from L(A′), we add the transition
n1

a−→ q, where n1 is the initial state of B, whenever there is a
transition q0

a−→ q for some state q in A′. Figure 11 illustrates
the construction for two transitions from q0 under a and b.

Let the abstraction Q remove Σ′∪{@}, and the observation
P remove Σ′∪{#}, i. e., Σhi = Σ∪{#} and Σo = Σ∪{@}.
Then Q(L(B)) = Σ∗ ∪ #Σ∗. We now show that L(B) =
Lm(B) is (M)OC if and only if A is universal.

Assume that A is universal, i. e., L(A) = Σ∗. Let s ∈ L(B)
and Q(s) ̸= t′ ∈ Q(L(B)) with Phi(Q(s)) = Phi(t

′). By the
construction of B, we have two cases:

First, Q(s) ∈ Σ∗ and t′ = #Q(s) for s ∈ @(Σ′Σ)∗ ∪
L(A′). If s ∈ @(Σ′Σ)∗, then s = @x1s1x2 · · ·xkskxk+1,

where x1, . . . , xk ∈ Σ′, xk+1 ∈ Σ′ ∪ {ε}, and s1 · · · sk ∈
L(A) = Σ∗. Then, taking s′ = @#x1s1x2 · · ·xkskxk+1 ∈
@#Σ′s1Σ′ · · ·Σ′sk(Σ′ ∪ {ε}) ⊆ @#L(A′) ⊆ L(B) is
such that Q(s′) = #Q(s) = t′ and P (s) = @s1 · · · sk =
P (s′). If s ∈ L(A′), then s = x1s1x2 · · ·xkskxk+1, where
x1, . . . , xk ∈ Σ′, xk+1 ∈ Σ′ ∪ {ε}, and s1 · · · sk ∈ L(A).
Then, s′ = #x1s1x2 · · ·xkskxk+1 ∈ #Σ′s1Σ′ · · ·Σ′sk(Σ′∪
{ε}) ⊆ L(B) satisfies Q(s′) = #Q(s) = t′ and P (s) =
P (s′).

Second, t′ ∈ Σ∗ and Q(s) = #t′ for s ∈ @#L(A′) ∪
#(Σ′Σ)∗. If s ∈ @#L(A′), then we have that s =
@#x1t

′
1x2 · · ·xkt

′
kxk+1, where x1, . . . , xk ∈ Σ′, xk+1 ∈

Σ′ ∪ {ε}, and t′ = t′1 · · · t′k. Therefore, taking s′ =
@x1t

′
1x2 · · ·xkt

′
kxk+1 ∈ L(B) satisfies Q(s′) = t′ and

P (s) = @t′ = P (s′). If s ∈ #(Σ′Σ)∗, then we have that
s = #x1t

′
1x2 · · ·xkt

′
kxk+1, where x1, . . . , xk ∈ Σ′, xk+1 ∈

Σ′∪{ε}, and t′ = t′1 · · · t′k. Then, s′ = x1t
′
1x2 · · ·xkt

′
kxk+1 ∈

L(A′) ⊆ L(B) is such that Q(s′) = t′ and P (s) = t′ = P (s′).
Thus, B is MOC, and hence OC by Lemma 10.

On the other hand, if A is not universal, then there exists
w = a1a2 · · · ak /∈ L(A). Then, for any x1, x2 . . . , xk ∈ Σ′,
we have that @w′ = @x1a1x2a2 · · ·xkak ∈ @(Σ′Σ)∗ and
that #w′ = #x1a1x2a2 · · ·xkak ∈ #(Σ′Σ)∗. Therefore, the
strings @w′,#w′ ∈ L(B), Q(#w′) = #w ∈ Q(L(B)), and
Phi(Q(@w′)) = Phi(w) = w = Phi(#w). We now show that
there are no s, s′ ∈ L(B) such that Q(s) = Q(@w′) = w,
Q(s′) = #w, and P (s) = P (s′), which means that L(B)
is not OC. By Lemma 10, L(B) is then neither MOC. To
this end, because w = a1a2 · · · ak /∈ L(A), we may observe
that Q−1(w) ∩ L(B) ⊆ @Σ′a1Σ′a2 · · ·Σ′ak(Σ′ ∪ {ε}) and
Q−1(#w) ∩ L(B) ⊆ #Σ′a1Σ′a2 · · ·Σ′ak(Σ′ ∪ {ε}) . But
then, for any s ∈ Q−1(w) ∩ L(B) and s′ ∈ Q−1(#w) ∩
L(B), we obtain that P (s) = P (@Σ′a1 · · ·Σ′ak(Σ′∪{ε})) =
@w ̸= w = P (#Σ′a1 · · ·Σ′ak(Σ′ ∪ {ε})) = P (s′), which
completes the proof.

In Appendix A, we show that if the conditions are decidable,
then the regularity of the system is essential. Namely, for non-
regular systems modeled by one-turn deterministic pushdown
automata that are slightly more expressive than finite automata,
the conditions are undecidable.

VII. PRACTICAL CONDITIONS

As shown above, verifying (M)OC is a hard and maybe even
undecidable problem. It is therefore reasonable to consider
stronger and easily-verifiable conditions. One of such condi-
tions often considered in the literature is that all observable
events are high-level events, i. e., Σo ⊆ Σhi. In this section,
we consider two such conditions:

1) Σo ⊆ Σhi, i. e., all observable events are high-level, and
2) Σhi ⊆ Σo, i. e., all high-level events are observable.
We show that both these conditions imply (M)OC.

Theorem 16. If G is a DES over Σ satisfying either Σo ⊆ Σhi

or Σhi ⊆ Σo, then L = L(G) is (M)OC.

Proof: If Σo ⊆ Σhi, then P = PhiQ, because Qo is an
identity, cf. Figure 1. Let s ∈ L and t′ ∈ Q(L) be strings such
that Phi(Q(s)) = Phi(t

′), and consider any s′ ∈ L such that
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Q(s′) = t′. Such a string s′ exists, because t′ ∈ Q(L), and
hence the following equalities P (s) = Phi(Q(s)) = Phi(t

′) =
Phi(Q(s′)) = P (s′) prove that L satisfies MOC. If Σhi ⊆ Σo,
then Phi is an identity. Hence, for any s ∈ L and t′ ∈ Q(L)
with Phi(Q(s)) = Phi(t

′), we have Q(s) = Phi(Q(s)) =
Phi(t

′) = t′, i. e., we can chose s′ = s to satisfy MOC. That
L also satisfies OC then follows from Lemma 10.

Theorem 16 is widely used in Section VIII, which illustrates
its applicability.

The reader may wonder whether the MOC condition is not
equivalent to Σo ⊆ Σhi or Σhi ⊆ Σo. It is not the case.
First, deciding Σo ⊆ Σhi and Σhi ⊆ Σo is computationally a
simple task, whereas deciding MOC is PSPACE-hard. Second,
Boutin et al. [21, Example 1] show that the converse of
Theorem 16 does not hold for OC. In fact, the system of
this example also satisfies MOC, as the reader can verify
using, e.g., Theorem 11, showing thus that the converse of
Theorem 16 neither holds for MOC.

As an immediate consequence, Theorem 13 strengthens the
claim of Komenda and Masopust [20] showing that for any
prefix-closed languages L ⊆ Σ∗ and K ⊆ Q(L), if Σo ⊆ Σhi,
then supN(K,Q(L), Phi) ∥ L = supN(K∥L,L, P ).

Another practically interesting case is to find a condition
weaker than both (i) and (ii) that would imply (M)OC. The
existence of such a condition is, however, an open problem.

Remark 17. The conditions can also be used if Σo and
Σhi are incomparable. Namely, we (i) compute the high-level
supervisor Shi, and (ii) take the system G with observable
events Σ′

o = Σo ∪ Σhi, which implies MOC, and construct
a high-level supervisor S′

hi. If Lm(Shi/G) = Lm(S′
hi/G),

then Shi running in parallel with the low-level plant realizes
a low-level supervisor; otherwise, we need to verify MOC.

VIII. CASE STUDY

To evaluate presented conditions and results on an industrial
example, we consider the model and specification of a patient
table of an MRI scanner as presented by Theunissen [28]. The
plant consists of four components

VAxis ∥ HAxis ∥ HVNormal ∥ UI

where each component is again a composition of other compo-
nents. However, we do not go into further details and consider
these components as the four low-level subsystems forming the
global low-level plant. Similarly, the specification consists of
the corresponding components

VReq ∥ HReq ∥ HVReq ∥ UIReq

which do not exactly fit the four subsystems of the low-level
plant. The aim is to construct four high-level supervisors,
one for each specification and the corresponding plant, see
the details below. For the computations, we used the C++
library libFAUDES version 2.29b [39]. The computations
were performed on an Inter-Core i7 processor laptop with 15
GB memory, running Ubuntu 20.04.

In the model of Theunissen [28], all events are observable.
Therefore, the idea of our approach is to consider the events
that appear in a specification as observable, and all the other

events as unobservable. Since we are currently unable to algo-
rithmically verify whether the MOC condition is satisfied or
not, and the models are too large for a by-hand verification, we
ensure MOC by using the stronger conditions of Section VII.
Namely, we proceed as follows:

1) For every K ∈ {VReq,HReq,HVReq,UIReq}, we take
all plants from {VAxis,HAxis, HVNormal,UI} that share
an event with K, and define the low-level plant, denoted
by Glow, as their parallel composition.

2) We define Γo as the set of all events occurring in K, and
we set ∆hi = Γo; that is, all events of K are set to be
high level and observable.

3) Existing results on controllability of hierarchical supervi-
sory control extend the high-level alphabet ∆hi to Γhi to
guarantee that the low-level plant Glow is an Lm(Glow)-
observer and LCC. To do this, we use the libFAUDES
function NaturalObserverLcc.

– We now have Γo ⊆ Γhi, and Theorem 16 implies
that the low-level plant Glow satisfies MOC w.r.t. Γo

and Γhi, which makes Theorem 13 applicable.
4) For a moment, we define Σo = Σhi = Γhi, and compute

the high-level plant, G′
hi, and the nonblocking and max-

imally permissive high-level supervisor, S′
hi, realizing

the supremal controllable and normal sublanguage of the
high-level specification w.r.t. the high-level plant G′

hi.
– The high-level specification is (PΓhi

Γo
)−1(K), and is

obtained by lifting K from the alphabet Γo to Γhi

by the inverse of the projection PΓhi

Γo
: Γ ∗

hi → Γ ∗
o .

– This gives us a referential closed-loop Lm(S′
hi/G).

5) We now try to find a high-level supervisor Shi represented
by a smaller automaton than the automaton representing
S′
hi. To this end, we search for alphabets Σo and Σhi,

such that Γo ⊆ Σo ⊆ Σhi ⊆ Γhi or Γo ⊆ Σhi ⊆
Σo ⊆ Γhi, for which the nonblocking and maximally
permissive high-level supervisor Shi, constructed for the
high-level plant, Ghi, w.r.t. the alphabets Σo and Σhi,
satisfies Lm(Shi/G) = Lm(S′

hi/G).
– We first try the alphabets Σhi = Σo = Γo.
– If it fails, we set Σo = Γhi, which is a sufficient

observation to achieve the referential closed-loop
system Lm(S′

hi/G), and we search for a suitable
alphabet Σhi, such that Γo ⊆ Σhi ⊆ Σo, for which
Lm(Shi/G) = Lm(S′

hi/G).
∗ Σhi ⊆ Σo still makes Theorem 13 applicable.

– Otherwise, we take Shi = S′
hi.

Automata representations of all considered supervisors are
computed using the libFAUDES function SupConNormNB,
which implements the standard algorithm for the computation
of the supremal controllable and normal sublanguage. All the
automata are further minimized w.r.t. the number of states.

The reader may notice that, in Step 5, we do not consider
all the possible choices for the alphabets Σo and Σhi, because
it would be computationally demanding. For the same reason,
we do not even consider all the choices for the alphabet Σhi,
such that Γo ⊆ Σhi ⊆ Σo. In particular, we do not consider
the cases where the alphabets are incomparable, which opens
the door for further improvements to be investigated.
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A. Results for the Four Specifications

We summarize the results for each of the four specifications
in the following tables. For comparison, we include the statis-
tics of the automaton representation of the nonblocking and
maximally permissive low-level supervisor, Slow, realizing the
supremal controllable and normal sublanguage of the low-level
specification, obtained from K by the inverse projection to the
low-level alphabet, w.r.t. the low-level plant Glow.

The specification VReq consists of nine events shared only
with the plant VAxis, i. e., Glow = VAxis. These events form
the set Γo. The computation was successful for the choice of
Σhi = Σo = Γo. Table I shows the results.

Table I

VReq VAxis Ghi Shi Slow

States 12 15 15 11 15
Trans. 44 50 44 22 36
Events 9 11 9 9 11

The specification HReq consists of 19 events, forming the
set Γo, occurring only in HAxis, and hence Glow = HAxis.
Again, the computation was successful for Σhi = Σo = Γo,
and the results are summarized in Table II.

Table II

HReq HAxis Ghi Shi Slow

States 112 128 128 80 80
Trans. 736 1002 986 312 320
Events 19 20 19 19 20

The specification HVReq consists of ten events, forming the
set Γo, occurring in VAxis, HAxis, and HVNormal, and hence
Glow = VAxis ∥ HAxis ∥ HVNormal. However, the choice of
Σhi = Σo = Γo fails, and therefore we set Σo = Γ ′

o, which
has 26 events, and find Σhi ⊆ Σo with 16 events. The results
are summarized in Table III.

Table III

HVReq Glow Ghi Shi Slow

States 7 1920 320 381 2064
Trans. 35 23350 2638 2216 20120
Events 10 32 16 16 32

Finally, the specification UIReq has 21 events, forming the
set Γo, shared with VAxis, HAxis, HVNormal, and UI, and
hence Glow = VAxis ∥ HAxis ∥ HVNormal ∥ UI. The choice
of Σhi = Σo = Γo was successful, cf. Table IV.

Table IV

UIReq Glow Ghi Shi Slow

States 256 3840 64 3296 211200
Trans. 2336 75500 1080 28936 2751680
Events 21 41 21 21 41

We should point out that all the reference supervisors S′
hi

computed in Step 4 of the construction were also smaller in
all the considered statistics than the low-level supervisor Slow.

To summarize, we computed four nonblocking and maxi-
mally permissive high-level supervisors with altogether 3768
states and 31486 transitions, which in parallel with the low-
level plants exactly achieve the behavior of the nonblocking
and maximally permissive low-level supervisor. The computed
supervisors are nonblocking and nonconflicting. For compar-
ison, the four low-level supervisors have altogether 213359
states and 2772156 transitions, while the monolithic low-level
supervisor, denoted by Smono, has 68672 states and 616000
transitions, see Table V.

Table V

4× Shi 4× Slow Smono

States 3768 213359 68672
Trans. 31486 2772156 616000

In fact, the behaviors of the above-discussed low-level su-
pervisors computed under partial observation coincide with the
corresponding supremal controllable sublanguages computed
under complete observation. In other words, the considered
partial observation did not restrict the supervisors compared
with the completely observed systems.

B. The Worst Experimental Time Complexity
From the experimental time-complexity viewpoint, the most

time-consuming were the computations for the specification
UIReq. Namely, it took 11 seconds to compute the high-level
plant Ghi and one second to compute the high-level supervisor
Shi. (For comparison, in the other cases, the computations took
time in the order of milliseconds.)

On the other hand, the computation of the low-level super-
visor for UIReq ran out of memory after one hour and 14
minutes. In contrast, computing this supervisor as the parallel
composition of the high-level supervisor Shi with the low-level
plant Glow according to Theorem 13 took only 14 seconds.

Finally, as already pointed out above, the low-level supre-
mal controllable and normal sublanguage of the specification
UIReq computed under the considered partial observation co-
incides with the low-level supremal controllable sublanguage
when considering all events observable. In comparison, the
low-level supremal controllable sublanguage was computed in
a few seconds.

Remark 18. The reader may notice that although our low-
level plants are partially observed, the high-level abstractions
are completely observed. Therefore, our choice of abstractions
satisfying the MOC condition reduces the problem of supervi-
sory control synthesis under partial observation to the problem
of supervisory control synthesis under complete observation,
where the latter is computationally significantly easier; see
also the discussion above.

IX. CONCLUSION

We suggested a new sufficient condition, MOC, that guar-
antees maximal permissiveness of supervisors in hierarchical
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supervisory control under partial observation. Since decidabil-
ity and complexity of its verification for systems modeled
by finite automata is an open problem, we showed that the
finite-automata models are essential for potential decidability,
because the problem is undecidable for slightly more expres-
sive models of one-turn deterministic pushdown automata. We
further discussed several relevant conditions that ensure MOC.

In an upcoming work, we will discuss applications of the
results in modular supervisory control under partial observa-
tion. In the future, we will explore the decidability of (M)OC
and the constructions of high-level relatively-observable super-
visors. Our plan is to further extend the hierarchical approach
to modular supervisory control of networked DES to account
for delays and losses in observation channels.

APPENDIX A
UNDECIDABILITY OF (M)OC IN NON-REGULAR SYSTEMS

We now show that for a slightly more expressive model than
DFAs, verifying (M)OC is undecidable.

A pushdown automaton is a septuple M = (Q,Σ, Γ, δ, q0,
Z0, F ), where Q is a finite set of states, Σ is an alphabet, Γ is
a pushdown alphabet, δ : Q× (Σ ∪ {ε})×Γ → 2Q×Γ∗

is the
transition function, q0 ∈ Q is the initial state, Z0 ∈ Γ is the
initial pushdown symbol, and F ⊆ Q is the set of accepting
states. A configuration of M is a triplet (q, w, γ), where q ∈ Q
is the current state, w ∈ Σ∗ is the unread part of the input,
and γ ∈ Γ ∗ is the current content of the pushdown (the
leftmost symbol of γ represents the top pushdown symbol).
For p, q ∈ Q, a ∈ Σ ∪ {ε}, w ∈ Σ∗, γ, β ∈ Γ ∗, Z ∈ Γ ,
and (p, β) ∈ δ(q, a, Z), M makes a move from (q, aw, Zγ)
to (p, w, βγ), denoted by (q, aw, Zγ) ⊢M (p, w, βγ). The re-
flexive and transitive closure of the relation ⊢M is denoted by
⊢∗
M. The language accepted by M is the set L(M) = {w ∈

Σ∗ | (q0, w, Z0) ⊢∗
M (q, ε, γ) for some q ∈ F and γ ∈ Γ ∗}.

A pushdown automaton M is deterministic (DPDA) if (1)
|δ(q, a, Z)| ≤ 1, for all a ∈ Σ ∪ {ε}, q ∈ Q, and Z ∈ Γ ,
and (2) for all q ∈ Q and Z ∈ Γ , if δ(q, ε, Z) ̸= ∅, then
δ(q, a, Z) = ∅, for all a ∈ Σ. During the computation of
a DPDA, the height of its pushdown increases and decreases.
The situation where the pushdown changes from the increasing
phase to the decreasing phase, or vice versa, is a turn [40]. A
language is linear deterministic context-free if it is accepted
by a one-turn DPDA (1-DPDA), i. e., by a DPDA whose
pushdown content first only increases and then only decreases.

Linear deterministic context-free languages are slightly
more expressive than regular languages. Intuitively, linear
deterministic context-free languages are a generalization of
languages of palindromes [41]. Perhaps a better argument
expressing the closeness of linear deterministic context-free
languages to regular languages is provided by Rosenberg [42],
who relates linear languages to 2-tape finite automata.

Theorem 19. Verifying (M)OC for 1-DPDAs is undecidable.

Proof: We prove the theorem by reduction of the Post’s
Correspondence Problem (PCP) [43] to (M)OC. The PCP
asks whether, given two finite lists A = (w1, . . . , wn) and
B = (u1, . . . , un) of n strings over Σ, there is a sequence of

indices i1i2 · · · ik, for some k ≥ 1, such that wi1wi2 · · ·wik =
ui1ui2 · · ·uik . To eliminate trivial cases, we may assume that
wi ̸= ui, for i = 1, . . . , n. We denote by E = {1, . . . , n} a
new alphabet, such that E ∩ Σ = ∅, to represent the indices
of words in the lists A and B, and by wR the mirror image
of w ∈ Σ∗, e.g., (abc)R = cba. Now, we define the language

L = {i1i2 · · · im$wR
im · · ·wR

i2w
R
i1@ | m ≥ 1}

∪ {i1i2 · · · im$′uR
im · · ·uR

i2u
R
i1# | m ≥ 1}

where $, @, $′, and # are new events.
Languages L and L are accepted by a 1-DPDA: For a given

input string, the 1-DPDA initially reads the events from E
and pushes them to the pushdown. Then it reads $ or $′,
which specifies whether the rest of the input consists of the
mirrored strings from A or from B, respectively. Next, it pops
events one by one from the pushdown, say i, and tries to
read the corresponding mirrored string wR

i , resp. uR
i , from

the input. To recognize L, the 1-DPDA accepts an input string
if it successfully empties the pushdown and reads the whole
input string; otherwise, it rejects. To recognize L, the 1-DPDA
accepts if it successfully reads the whole input.

Let Σhi = Σ ∪E ∪{@,#} and Σo = Σ ∪E ∪{$, $′}. We
prove that the instance has a solution iff L is not (M)OC.

Assume that i1, . . . , ik is a solution of the instance of
PCP. We consider the two strings r = i1 . . . ik$w

R
ik
. . . wR

i1
@

and t′ = i1 . . . iku
R
ik
. . . uR

i1
#, and show that t = Q(r) =

i1 . . . ikw
R
ik
. . . wR

i1
@ and t′ violate OC, which, by Lemma 10,

violates MOC as well. To this end, notice first that Phi(t) =
Phi(Q(r)) = i1 . . . ikw

R
ik
. . . wR

i1
= i1 . . . iku

R
ik
. . . uR

i1
=

Phi(t
′), and hence we need to show that for any s, s′ ∈ L

with Q(s) = t and Q(s′) = t′, the observations of s and s′

are different, i. e., P (s) ̸= P (s′). However, s ∈ Q−1(t) ∩
L = {i1 · · · ik$wR

ik
· · ·wR

i1
@} contains the symbol $, whereas

s′ ∈ Q−1(t′) ∩ L = {i1 · · · ik$′uR
ik
· · ·uR

i1
#} contains $′ but

no $, and hence P (s′) ̸= P (s) and L is not (M)OC.
On the other hand, we assume that the instance of PCP

has no solution. In this case, we consider any two strings
s ∈ L and t′ ∈ Q(L) satisfying Phi(Q(s)) = Phi(t

′).
Then, if Q(s) = t′, we may simply take s′ = s to obtain
that Q(s) = Q(s′) = t′ and P (s) = P (s′), as required by
MOC. Otherwise, if Q(s) ̸= t′, then the language Q(L) =

{i1 · · · imwR
im

· · ·wR
i1
@, i1 · · · imuR

im
· · ·uR

i1
# | m ≥ 1}, the

language Phi(Q(L)) = {i1 · · · imwR
im

· · ·wR
i1

| m ≥ 1} ∪
{i1 · · · imuR

im
· · ·uR

i1
| m ≥ 1}, and the assumption that the

instance of PCP has no solution imply that @ and # are
the only way to distinguish the strings Q(s) and t′. If Q(s)
contains @, we may deduce that s = i1 · · · im$wR

im
· · ·wR

i1
@.

Since Phi(t
′) = Phi(Q(s)) = i1 · · · imwR

im
· · ·wR

i1
, we have

that t′ = i1 · · · imwR
im

· · ·wR
i1

∈ Q(L). Such a t′ can be
obtained either directly as i1 · · · imwR

im
· · ·wR

i1
or as a strict

prefix of the string i1 · · · imuR
im

· · ·uR
i1

. We now show that
s′ = i1 · · · im$wR

im
· · ·wR

i1
satisfies MOC. Indeed, Q(s′) =

i1 · · · imwR
im

· · ·wR
i1

= t′ and P (s) = i1 · · · im$wR
im

· · ·wR
i1

=
P (s′). Since the case where Q(s) contains # is analogous,
we conclude that if the instance of PCP has no solution, L is
MOC, and hence OC by Lemma 10.
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