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Abstract

We investigate modular supervisory control of discrete-event systems composed of several groups of components, where each group
consists of similar modules. Because of the similar structures of the modules, such systems can be represented as a set of (group)
templates. Supervisory control can then be performed on these templates, resulting in a set of template supervisors. We propose a modular
approach to construct the template supervisors based on the local computation of supremal symmetric sublanguages and on the concept
of conditional decomposability. The supremal symmetric sublanguage of a decomposable language turns out to be decomposable, and can
thus be computed locally. It is proven that the local supervisors of the components of a group are similar and can thus be obtained by a

symmetry map from the template supervisor of the group.
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1 Introduction

In large-scale engineering systems, cf. Agarwal et al. (2019);
Ding et al. (2019); Du et al. (2020), multiple agents are often
divided into groups of subsystems according to their roles
as in Amini et al. (2020). Within each group, the agents
(such as robots or AGVs in Wu and Zhou (2007b); Luo
et al. (2015)) handle similar jobs, and have therefore similar
behaviors, cf. also Su and Lennartsson (2017); Wu and Zhou
(2007a); Wurman et al. (2008). Such multi-agent systems
are referred to as discrete-event systems (DES) with similar
components, see e.g. Rohloff and Lafortune (2006); Su and
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Lennartsson (2017); Wu and Zhou (2007a); Wurman et al.
(2008), where components in the same group have similar
state transition structures.

The control problems of DES with similar components have
been discussed in the literature. Eyzell and Cury (2001) in-
vestigated the symmetry of systems to reduce the complexity
of supervisory control by constructing a reduced automa-
ton. A quotienting technique has been recently presented
in Basu and Kumar (2021) for simplification of non deter-
ministic automata. Wang et al. (2019) studied blocking and
deadlocking for systems with isomorphic modules. Rohloff
and Lafortune (2006) explored the control and verification
problems of DES with similar components, and introduced
the concept of symmetry. They focused on existential results
and identified the necessary and sufficient conditions for the
existence of a set of similar local supervisors that enforce a
given specification. These conditions include, among others,
separability (also known as decomposability) and symmetry.

Since the monolithic synthesis becomes computationally ex-
pensive and infeasible for a large number of agents, modu-
lar methods have been proposed for systems with a similar
structure to avoid the synthesis of a monolithic system. Jiao
et al. (2017) considered systems consisting of groups of ma-
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chines having an isomorphic structure and extracted the con-
trol information with the help of the state tree structures. Liu
et al. (2019) investigated modular control of DES with simi-
lar components under some restrictive assumptions, such as
the agents do not share events and all events are observable.

Our contribution. In this paper, we use the symmetry map
of Rohloft and Lafortune (2006), which is better suited for
the case, where agents share some (global) events and for
the case of partial observation of events. Our work extends
the results of Rohloff and Lafortune (2006) by dropping the
assumptions that the specification is symmetric, decompos-
able, controllable, and normal. If the specification language
fails to be symmetric, we show that the supremal symmet-
ric sublanguage always exists, and we show how to compute
it in a modular way (Theorem 7). We use a more general
concept of conditional decomposability, which relaxes the
assumption that the given specification is decomposable ac-
cording to the alphabets of local agents. Concerning con-
trollability and normality, we make use of supremal control-
lable and relatively observable sublanguages, and of the fact
that supremal controllable and relatively observable sublan-
guages of a set of similar (local) specifications remain sim-
ilar. This observation allows us to base our template super-
visors on these notions. Moreover, Rohloff and Lafortune
(2006) assume that all local agents are similar, that is, they
considered only a single group of similar agents. We con-
sider a modular system that consists of several groups of
similar agents, that is, the agents from different groups need
not be similar. The relaxation of these four assumptions and
the similarity of all local plants lead to Theorem 10 where a
template supervisor is designed for each group. Local super-
visors of the subsystems within a group are obtained from
the template supervisor of the group with the help of a sym-
metry map that maps the events of the template supervisor
to the relevant global and private events of each subsystem.

2 Preliminaries

A generator G = (Z,%,6,z20,Z,) is a quintuple, where X
is a finite set of events, Z is a finite set of states, zo € Z
is an initial state, Z,, C Z is a set of marker states, and
0: Z XX — Z is a (partial) transition function. As usual,
0 can be extended to 0: Z X X* — Z, where X* is the
set of all finite-length strings, including the empty string
&. The closed behavior of G is the language L(G) = {s €
>* | 8(z0,5) € Z}, and the marked behavior of G is the set
L, (G) = {s € L(G) | 6(z0,5) € Z,}. The length of a string s
is denoted by |s|. The prefix closure of alanguage L is the set
of its prefixes. For a natural number n, let [1,n] = {1,...,n}.

Let X be partitioned into the set of controllable events X.
and the set of uncontrollable events X, = X\ X.. A language
K C X*is controllable with respect to L(G) and Z,, if KX, N
L(G) CK.Let C(K,L(G)) = {E C K | EZ, N L(G) C E}
denote the set of all controllable sublanguages of K, and
supC(K,L(G)) = U{E | E € C(K, L(G))} its supremum.

To model partial observation, let ¥ be further partitioned
into the set of observable events X, and the set of un-
observable events X,, = X\ Z,. Let Q: £* — X} de-
note the projection erasing all events from X,, Cassan-
dras and Lafortune (2008). Let K € C C L,,(G) be lan-
guages. Then K is relatively observable with respect to
a G, and Q, or C-observable, provided that, for every
s,s’ € X* and every o € X, if so € K,s' €C, s'o € L(G),
and Q(s) = Q(s’), then s’c € K Cai et al. (2015). Let
O(K,L(G)) = {E C K | E is K-observable with respect to
G and Q} denote the set of all K-observable sublanguages
of K, and supO(K,L(G)) = U{E | E € O(K,L(G))} its
supremum.

Let CO(K,L(G)) = C(K,L(G)) N O(K, L(G)) denote the
set of all sublanguages that are controllable with respect to
L(G) and Z,, and K-observable with respect to G and Q.
Then CO(K, L(G)) has supremum sup CO(K, L(G)).

A language K C X* is decomposable with respect to alpha-
bets Xy,...,%, if K = || P;(K), where P;: £* — X7 is the
projection and || is the synchronous product, defined as fol-
lows. For local languages L; C X7, ||, L; = ﬁ;’:lPi‘l(Li) c
X, where £ = U!" | %; is the global alphabet. For automata
definition and more details see the literature Wonham and
Cai (2019).

3 Modular control of DES with similar components

We investigate modular supervisory control for DES with
¢ > 1 groups of similar agents, {Gi,...,Gr}, ie. for i =
1,. . .,f, Q,- = {Gil,' . -,Gin,-}a where G,‘j, j = 1, ...,n;, are
similar as defined below. For all i, G;; are over X;; of the
same cardinality that are decomposed as X;; = Z,;; U Zg;,
where X,; is the global (shared) alphabet of the group G,
and X,;; is the private alphabet of G;;. Since Z;; are of the
same cardinality for the group G;, we denote the “rewriting”
bijection by 1//1". % Zpij = Zpijr- The set of all events in the
system is denoted by T = U;-1Z;, where X; = U}.’LIEU is the
alphabet of group G;. The group symmetry map ‘{’J’] X -
X for group G; is defined as

if o € Epij U Zpij’

1
ifceX\ (Epij UZpij/) b

v (o)
o

(o) = {

Note that ‘Pj‘ i interchanges the private events of agents G;;
and G;; in the i-th group, while all the other events are kept
unchanged. For instance, if i = 1 and Xy; = {aj,a}, j =
1,...,n1, with a being the shared event, then !l Jaj)=aj,
Ji

‘I’Jl.j,(ajr) = aj, ‘P}j,(q) =a gnd ‘I’}j/(ak) = qy for all k ¢
{J,j'}. We extend W o W ¥* — X" in a usual way,
; i — i — i i

ie. \I’jj,(e) = ¢ and Tjj,(wa) = ‘I’jj,(w)‘l’jj,(a) fora €
and w € X*. Moreover, ‘I—’J’.j, is extended to languages by
LIJJ".J.,(L) = {\P;’.,.,(w) eX*lweL}), LCz"



P 1w - i iyl wi i
For any j.j" € [Lm], ¥}, = %, (¥);)7 =¥}, = ¥,
and ‘I’j’.j = ‘I’;] O‘Pj’.,i is the identity. Moreover, ‘Pj’] is mono-
tone, i.e. for K C K’, lI’j".j,(l() C ‘I’ji.j,(K').

A group of agents G; is said to be similar under ‘P;] if

(Vj,j" € [Lm]) L(Gyj) = ¥}, (L(Gij)) -

Note that this means that every agent can be obtained from
another by interchanging their corresponding private events.
The following property is often used. If for all j, j’ € [1,n;],
‘I’j‘ j,(L(Gij) C L(Gyjr), then the agents in G; are similar.
Indeed, the other inclusion follows by applying ‘I‘;] on both
sides from monotonicity and h

Wi = Wi, o Wi, is the identity. Q)

We assume that each group of agents G; is composed of
similar generators under ‘I’j‘ 12 that is, Gi = {Gi1,....Gin, },

where L(G;;) = ‘I‘;i,(L(Gij/)), for all j,j’ € [1,m;].
The plant G is the synchronous product of all agents:

G =G, where G; = [I'Z,Gyj. 3)
Since G is decomposed in a top-down way, we conditionally
decompose a global specification K in the top-down way as
well. Let Ujzjeqi,0(Zi N Zj) € X € X and

Xoi C Xk, €L,

where X; are low-level global alphabets and X, are low-
level coordinator alphabets. A language K is two-level condi-

tionally decomposable with respect to alphabets Z1,. .., %,
a high-level coordinator alphabet X, and the low-level co-

ordinator alphabets X, ..., X, if
K = || Pris(K), and )
Pik(K) = 72, Pijei+1(K) (5)

where Pi: X — (Z; U X)) = (U;’LIZ,-]- U Z¢)* and
Pij+ki+k: 2 — (Zij U2, UXy)i=1...,¢j=1,...,n;.
Here we consider the coordinated group alphabets X; U Zg,
where X; is the top coordinator alphabet. Note that the
coordinator alphabet X, of the group coordinator Gy, con-
tains all shared events of the group, i.e. Xy, 2 X,;. The
two-level conditional decomposability extends conditional
decomposability to large plants structured into groups and
enables to consider a non-decomposable specification as
decomposable over extended local alphabets (enriched by
coordinator events).

We say that a two-level conditionally decomposable lan-
guage K is symmetric by group (according to the alphabets

inside groups) if for every group i = 1,...,{ we have
(Vj’jl € [an’]) Pij+k,¢+k(K) = \P;jf(Pij’+ki+k(K)),

that is, the languages P;1x;+k(K), . . ., Pip;+k;+k(K) are sim-
ilar under ‘I’]’] We point out that the specification K C
L, (G) does not need to be symmetric and decomposable.
If the specification is not decomposable, then the two-level
conditional decomposability can be used to decompose the
specification according to the two-level (group) structure of
subsystems.

Now we recall the multilevel coordination control synthe-
sis Komenda et al. (2013) for groups of local subsystems,
under the assumption that K is two-level conditionally de-
composable. The local supervisors S;i,...,S;,, for genera-
tors extended by the coordinator events are computed by

Lyu(Sij) = sup CO(Pijsk;+x(K), L(Gj||Gr, IGr))  (6)

where G = ||f:1Pk(Gl~) is the high-level coordinator, G, =
||;l;1Pki (Gij) are the low-level (group) coordinators for i =
L...,6, P, : " > EZ and Py, : X — Z,‘;. Let us write
equation (6) as

Sij = sup CO(Pijk; +k (K), Lijsk; +k )s @)
where S;; = L,,(S;j) and Lijix,+k = L(Gij)||L(Gk,)||L(Gy).

Since the underlying plants are given by synchronous prod-
ucts of the plants with the group coordinator and the top
coordinator, the products G;;||Gx||Gx; play the role of the
local plants G;;. If the specification is not symmetric, then
we can compute the supremal symmetric sublanguage of K
by Theorem 7.

Because global coordinator events from X might belong to
different group alphabets, we need ‘I’]’.j, to be defined on the

whole alphabet X. Indeed, in the group specification P;.4(K)
there can be high-level coordinator events from X \ ¥;, and
hence in (1) we consider the whole alphabet ¥ and not just
¥;. If local specification languages of the group G;, namely
Pijik;+k(K), j = 1,...,n; are not similar with respect to ‘P;j,,
we first compute the set of similar sublanguages for this
(coordinated) group, which needs the transitivity property
of the group symmetry map.

Note that transitivity of the group symmetry map does not
hold, i.e., ‘I‘;J‘I‘]’, ¢ F ‘I’J’ ” The problem is that in conditional
decompositions the local alphabets extended by coordinator
events are in general larger than the private alphabets, while
we insist on keeping the symmetry for the originally given
distribution of local alphabets X;; = X,;; U Z; into private
alphabets and global alphabets. To make sure that the transi-
tivity of the symmetric map holds for two-level conditional
decomposable languages, we give the following lemma with
a condition that guarantees transitivity.



Lemma 1 Consider the local specification languages K;; C
(Zi UZk, UZp)" of the group G; for some | € {1,...n;}.
Assume that for all j,j’ € {1,...n;} suchthat j # l and j' #
[ we have ‘Pj‘:j,(Kl-l) = K;;. Then \le:j/\le:/l(Kil) = T;I(Kil)-

PROOF. We first show that the assumption implies that
for all j,j* € [l,n;] such that j # [ and j* # [ we
have‘I‘;.].,‘I‘J’.,l(s) = ‘I‘J’.I‘I’;i,(s). We apply ‘I’J’.l on both sides of
‘P;j,(Kil) = Kj; and for all j,j’ € {1,...n;} such that j # [

and j' # [ we obtain‘I‘;'.l‘I’J".j,(K,-l) = ‘P;I(Kil). Now we need

to show that \Pjéj,\}']é,l(lq,) = ‘PJ".I‘P]".J.,(KH) forall j,j’ € [1,n;]
such that j # [ and j’ # /. We use induction to prove it.

Assume s € K;;. We will show that W, Wi, (s) = W, Wi (s).
it L

The base step is immediate, for s = & the claim holds

true. Assume that the claim holds for all strings s of

length n > 0, ie. ‘P}j,‘P;,l(s) = ‘I’]’:I‘I’J’ij,(s). Now we
show that for every a € X such that sa € K; we

have ‘I’J".j,‘I’;,l(sa) = W WY (sq). Since ‘Pj".j,‘l’j".,l(sa) =
T;j,Yj,l(s)T;j/T;,l(a) = T}lT;j,(s)T;j,‘f;,l(a), we prove
that for every a € X, ‘Pj’.j,‘l’]’.,l(a) = ‘I’}I‘P}j,(a). We distin-
guish the following cases:

If a = a; € X}, then since sa € Kj;, it follows from the
assumption ‘I’J’.j,(Kl-l) = K;; for ?111 j?j' # [ that ‘_le"l(aj) =aj
in cas§ j/, * . There'fore, ‘I’j‘.j,‘I’j‘.,l(aj) = ‘I’]‘.j,(aj) = aj
agd LPJl'l\le'j’(aj) = T}l(ajr) = aj, as well, where a; =
Y € Zpij and ¥ (a;r) = ajr follows again from our as-
sumption and j* # [. If j* = j and j* # [ then we have
‘I’J’.,l(a]-) = ay, but also ‘I’J’.J.,‘I’;.,l(aj) = ‘I’]‘.j,(al) = a; and

‘P;I‘P;j,(aj) = ‘P]i.l(aj) =qy.

If a = a; € Zp;, then since sa € Kj, it follows from
the assumption that ‘I‘;j,(al) = a;. Therefore, ‘P;j,‘P;,l(al) =
‘I’;j,(aj/) = a; and ‘I’;l‘P;j,(al) = ‘I’Ji.l(al) = a;, where a; =

j’.l(a) € Xp;j. Incase j* = j nothing is changed in the above
case, both sides equal a;;

Ifia =ay € Zp,-j:,, then ‘I’;/.,‘I’;,l(aj/) = ‘I‘J’}j,(al) = a; and
Y;IT}j,(aj/) = ‘I’]’.l(aj) = q;, where q; = a,lr]’.l(aj) € Xpi. In
case j/ = j both sides equal qj.

Ifae .z\'(z,,ij UZXpij UZpir), then \P]tij,\yjé,l(a) =¥ (a) =
a= ‘{’j’.l‘Pj’.j,(a), because a is not changed by the definition of
the group symmetry map. We thus prove that for all j, j’ €
[1,n;] such that j # [ and j' # [ we have ‘P]‘.j,‘{’]‘.,l(s) =

W),

The cases [ = j and [ = j’ do not require any as-
sumption. If [ = j then ‘I’Jl.j,‘I’jl.,l(Kil) = ‘I‘}J.,‘I‘j’.,j(K,-j) =

‘P;j(Kij) = ‘P;I(Kil). Similarly, If / = j’ then ‘I’;j,‘I’;,l(Kil) =
\le:j’lyjl:’j’(KiJv) = ‘“lej,(KU') lell(Ktl) That is, s €

ﬂ?:’l‘I’j’ ,(Ki1). This completes the proof of transitivity. O

The assumption in Lemma 1 requires that coordinated events
from X, UX are added to local alphabets %;; such that do not
alter symmetry. It might look at first sight that the assumption
is not restrictive at all and it always holds true, but remem-
ber that K;; C (Z; U 2y, U Zg)", because Kj; = Pijix;+k(K)
contains in general events from X;; for some j # [. The
meaning of our assumption is that after coordinator events
are added to the local alphabets (as proposed in the algo-
rithms for computing coordinator alphabets, see Komenda
et al. (2012, 2013)), the local specifications remain similar.

Now we show how to obtain sets of similar specification
languages in the groups.

Proposition 2 Let us consider the framework introduced
in (4) and (5), let K = ||f=1Pi+k(K) be a two-level de-
composable language with Pi(K) = ||;;1Pij+ki+k(K) and
denote K;; = Pil+k+ki(K)~ Let Ki,j = ﬂ;l,:l\l";j,(Kij/) =
ﬂ?,:llyjl.j,(Pij’+ki+k(K)). Ifll‘jlj'(Kll) = Kil for all j»j, €
{1,...n;} suchthat j # land j’ # I, then forall j, j’ € [1,n;]
we have Ki’j = ‘Pj’.j,(Kt.’j,) , Le.

N W5 (Ka) = 5, (ﬁlrl;l\yfj’(Ki’)) '

Stated in words, the new local specification languages

Kl.’l, .. .,Kl./n in group G; are similar.

PROOF. Let s € ‘Pj".j, (m;’:"l‘l’l"j,(l(ﬂ)). Then, there exists a
string s’ € ﬂ?ilej,(Kil) such that ‘P;j,(s’) = 5. We have
s’ € ﬁ?zil‘P;j,(Kil) = ﬁ;’z"l‘l’j’:,l(Kﬂ),. thus s’ e.‘I’J".,l.(Kil) for
[l =1,...,n;. Consequently, s = kI’J’.j,(s’) € kI’J‘.j,‘}’j’.,l(Kil) =
‘P;I(Kil), where Lemma 1 is used in the last equality. Thus,
‘P;j,(m;’;'l‘Pfj,(Kil)) c m;':"l‘l’ji.l(l(,-l). Since for similarity one
inclusion is enough, see (2), Kl.’,. for all j,j’ € [1,n;] are
similar. A ]

To prove the equivalence relationship between symmetry of
a language and similarity of its local projections, we need
Lemma 3 and Lemma 4. The following lemma relates the
local projections to symmetry maps.

Lemma3 Let s € X" If s = ‘I’]".j,(s’), then ‘I’jj,(Pj(s)) =
Py(s") and ‘I’J’:J.,(Pjr(s)) = Pj(s’). Moreover, s = ‘I’;j,(s')
implies that Pi(s) = Pi(s”) for | # j and | # j'.



PROOF. Note that s = ‘I’]‘ j,(s’) means that s and s’ are
of the same length. We use induction on the length of s.
The base step is immediate, because for s = s’ = ¢ the
claim holds true. Assume that the claim holds for strings of
length n > 0, and consider two strings s = ta and s’ = t'b
for which s = ‘I’;.j,(s’). Then, a = ‘I’]".j,(b). According to
the definition of ¥;;, we have the following cases: (1) if
b€ Xy UZ\ (X UZj)), then b = a and the claim holds
by induction; (2) if b € £;; and a € ;7 then ‘Pj".j,(Pj(ta)) =
Py (t'b) and ‘I’J’:J.,(Pjr(ta)) = P;(t'b), which follows from the
induction hypothesis and the fact that both the projections
and the symmetry maps are catenative; (3) the case where
b € %;j» and a € X;; is analogous to (2). The last claim that

s = ‘P;j,(s’) implies Pi(s) = Pi(s’), for [ # j and | # j’,
follows directly from the definition of ‘I’;j,. O

We also need in the proof of Proposition 5 a lemma about
distributivity of ¥;;» with the synchronous product.

Lemma 4 LetK; C ), forl = 1,....n. Then %, (|1 Ki) =
L, 5 (Ko).

PROOF. Let s € ‘P;j,(||l":1Kl). Then there is s" € ||IL,K;
such that s = ‘P;j,(s’). We show that s € ||;’:1‘P;j,(Kl). By

definition of ‘}’]".j,, we distinguish three cases.

(1) If j #1 # j’, then ‘ij,(Kl) = K; € X. Hence, we
show that P;(s) € ‘I’}j,(Kl) = Kj. Since s = ‘I’J‘.j,(s’),
we have that P;(s) = Pi(s") € Pi(||"_,K;) € K.

2) If I = j, then ‘P}J.,(K i) € ij,. Hence, we show that
Pij(s) € l}‘]‘.j,([( ;). However, from Lemma 3 we have
that s = ‘I’]’.j,(s') implies Pj:(s) = ‘I’J’.J.,(Pj(s’)) €
WP, KD) € W (K)).

(3) The case [ = j’ is symmetric to the previous case.

Let s € ||;’:1‘P§i,(Kl). We show that s € ‘I’]".j,(||l”:1Kl). We
again distinguish three cases.

(1) If j # [ # j', then Wi (K) = K, C Zfj, ies €

||;‘=1‘I’ji.j,(l(l) implies that P;(s) € ‘I’Ji.j,(Kl) =K.

(2) If I = j then ‘P;j,(Kj) c Efj,. Hence, s € ||;’:1‘P;j,(Kl)
implies that P;(s) € ‘{’Ji.j,(Kj). This means that Pj(s) =
W}/ (s}) for some 57 € Kj.

(3) Case [ = j’ is symmetric to [ = j.

We need to show that s = ‘I’;j,(s’) for some 5" € ||l Ki,
ie. Pi(s’) € Ky for all [ = 1,...,n. For s’ = ‘I‘]‘.j,(s),
\E;.i’(s’) = ‘I’;,‘I’;,(s) = s, and we can see that s’ €
(I, Kp). Indeed, for j # [ # j', Pi(s) € K, ie,

Pi(s") = Pi(s) € K; as well. Lemma 3 and s = ‘Pj".j,(s’)
imply that P;(s’) = Tji'j'Ri’(S) = ‘I—'J’J‘I—'J’J(SJ') = sj’. € Kj,
and Py (s’) = le:j'Pj(f) =W, ¥,(s,) = s}, € Kp. Hence,
s" €| K and s € ‘I‘]‘.j,(||l":1Kl). O

We recall from Rohloff and Lafortune (2006) that symmetric
languages over group alphabets are fixpoints of all symmetry
maps. A language K is symmetric if, for every j,j’ € [1,n],
K =Y (K).

Example 1 As a running example, let ¥, = {aj,c}, o =
{ay,c} for K = {ajazc,azaic}”, cf. right of figure 1. Since
Yi2(c) = ¢, Yi2(ay) = ap, and YP12(ar) = ai, we have K =
Y15(K), i.e. K is symmetric.

The relationship between symmetry of a language and sim-
ilarity of its local projections is needed for investigation of
existence and computation of supremal symmetric sublan-
guages, but it is interesting by itself that a language over
global alphabet is symmetric iff its local projections form a
set of similar languages.

Proposition 5 1. Let K = ||j’.':1Pj(K). Then, K is symmetric

iff the languages P\(K),. .., P,(K) are similar.

2. For a general decomposition K = ||'_| K; for some K; C
]— o o

Z;, j € [1,n), if the languages K, .

K is symmetric.

.., K,, are similar, then

PROOF. 1. "= " Assume that K is symmetric. We need to
show that for all i, j € [1,n], P;(K) = ¥;;(P;»(K)). However,
Lemma 4 implies that K = ¥;;(K) = [|7_,'¥;;:(P¢(K)) for
all j,j’ € [1,n] is a decomposition of K. We know that
Py(K) € ¥, (P;j(K)), cf. Willner and Heymann (1991).
Then, \ij/(Pj/(K)) Cc \ij/\ij/(Pj(K)) = PJ(K)

"<" We need to show that, for all j, ;" € [1,n], if P;(K) =
WY (Pj(K)), then K is symmetric. However, ¥;;(K) =
Wi (72, Pe(K)) = |I;_,¥)jr(Pe(K)), by Lemma 4, which is
equal to ||7_, P¢(K) by the similarity assumption, and hence
it is equal to K.

2. The same proof as in "<" above can be used with the only
difference that P;(K) is replaced by arbitrary local languages
K; for all j € [1,n], because Lemma 4 holds for arbitrary
decompositions. O

Returning to the running example we check that lo-
cal projections of K are similar languages. Indeed,
Yi2(P1(K)) = Yio({aic}’) = {aac}” = Po(K), which is
to be expected from Proposition 5 given that we estab-
lished K = P{(K)||P2(K) = {ajazc,aza c}” as a symmetric
language.



Finally, we will show that supremal symmetric sublanguages
always exist. Let K C X* be a group specification and

S(K)={K’' C K| K’ is symmetric under

the symmetric maps ‘I’;j, for all j,j'}.

Theorem 6 The set S(K) is nonempty and closed under
arbitrary unions. In particular, S(K) contains a (unique)
supremal element, sup S(K), that is equal to

supS(K) = U{K’ | K’ € S(K)} .

PROOF. The set S(K) is nonempty, because the empty
language is symmetric and included in S(K). To show that
S(K) is closed under arbitrary unions, let 7 be an index set
such that K! € S(K) for every [ € I, that is, K! = ‘I’J’:J.,(Kl)

forall j,j’ € [1,n;]. We show that M = U/ K" is symmetric,
that is, M = ‘P;.].,(M) for every j,j’ € [1,n]. To show that

‘Pj".j,(M) CM,letse ‘Pj".j,(M). Then, there exists [ € I and
s’ € K! such that s = ‘I’;j,(s’), and therefore s = ‘I—'J",J.,(s') €
‘P;j,(Kl) = K! € M. The other inclusion is not needed cf.
2). O

It follows from Theorem 7 below that II;’;] K.’]. is the

supremal sublanguage of P;yx(K) that is symmétric ac-
cording to ‘I‘]’] For simplicity we omit in this theorem
the group index i and replace conditional decomposabil-
ity with standard decomposability, namely the role of
Pik(K) = 1%, Pijer+k(K) is played by K = |7 K;.

Theorem 7 Let K = ||J'.’:1K ;i be a decomposable language.

Then, the supremal symmetric sublanguage of K is equal to
the synchronous product of local similar sublanguages, i.e.,

supS(K) — ”]’_‘:1 (ﬂ;»lle‘yjj’(Kj)) . (8)

PROOF. We note that |j’?=1 (ﬂ;’,:l‘ij/(Kj,)) is symmetric.
From Proposition 2, the languages

KJI = ﬂ;,zl“ij'(Kjf), j=1,...,n 9)
form a similar set, and ||j’.’:] (m;?,:l‘{’jj,(Kjf)) is sym-
metric by Proposition 5. In order to simplify the proof
of supremality we first show that the right hand side
of (8) simplifies to ﬂ;”j,zl‘I’jjf(K). It amounts to show
that |2, (N0 Wi(Kp)) = 00 Wi(K). We have

ﬂ;."j,zl‘l‘jj'(l() = Nj<j¥;j»(K). Furthermore, by Lemma 4,

Nj<jr ¥y (K) = 0j<jr ¥y (2, Ki) = ﬁj<j'||z"=1‘1’jj'(Klz~l

Figure 1. Generators for R (left) and K = sup S(R)(right).

By definition of the symmetry maps we have that

K cx if1#jand !l # '
\ij’(Kl) = \P]J/(Kj) c 2;; if I = j and
iy (Kp) cxjifl=J

Therefore, for any j < j’ we get that ||/, 'V} (K;) =

Kill .. WK1 (KN K|l - 1 (KD K.

Note that we have already put ¥;;/(K;/), resp. ¥;;(K;), to
their corresponding places by taking into account that these
languages are over alphabets X;, resp. Z;.

Since the synchronous product distributes with the language
intersection we can collect in all the components the inter-
sections (over j,j’ = 1,...,n such that j < j’) of all lan-
guages over the same alphabets. By collecting the terms over
the alphabet X;, [ € [1,n] we obtain the language ¥1;(K;) N
c N (K- DK N (K N - -0 W (Ky) = K| =
K; 0 Njry¥p(Kjr). Therefore, we obtain ﬁ;”j,:lll’jj/(l() =

Nj<jr e Wi (Ko) = 1, K] = I, (ﬂ;’,zl‘l’lj'(l(jf)), where
the first equality is (10).

It remains to show supremality. Let M C K be such that
M =Y;(M) for all j,j" € [1,n]. By monotonicity of ¥}
we have /(M) C ¥;;-(K). Since M = ¥;;»(M), we obtain
that M C ¥;(K) for all j,j’ € [l,n], and hence M C
Kn ﬂj;tjf"ij/(K). [}

The formula presented in Theorem 7 is only valid for lan-
guages that are decomposable according to the alphabets
from the symmetry map. It is an open problem how to com-
pute the supremal symmetric sublanguage of indecompos-
able languages.

Let us return once more to the running example. Consider
language R = {aibjaxc,aza;c,a1by, b3} depicted on figure
1, where by € Z; \ X, is another private event of the first
alphabet and b, € X, \ ¥ is the corresponding private event
of Z,. Note that R = P(R)||P2(R) is decomposable with
Pi(R) = {ajc,a1b;}* and Pr(R) = {azc,by}*. Therefore,
according to Theorem 7 we have the following formula for




the supremal symmetric sublanguage of R:
sup S(R) = (P1(R) N ¥12(P1(R))) || (P2(R) N ¥21(P2(R))) -
Note that we have sup S(R) = K with K from Example 1.

From now on we can assume without loss of generality
that K is conditionally symmetric by group, i.e. for each
group i = 1,...,¢ and for all local specifications K;; =
Pijsk+i;(K), j=1,...,n;, wehave K;; = ‘P;j,(Kij/), because
otherwise we can compute sublanguages Kl.’j CKij, j=
1,...,n;, as in Proposition 2 that are similar. We recall the
assumption that the group of agents G; is symmetric under

‘I’;] , namely that

(V). " € [Ln]) L(Gij) = ¥, (L(Gyj)) -

Following the classical synthesis method given in (7), the
local supervisors S;; can be designed for agents G;; individ-
ually. The computation is, however, intractable without an
upper bound on the number of agents. If local supervisors in
the same group are similar then one may synthesize a tem-
plate supervisor for all local supervisors in one group. The
local supervisors in this group can be obtained by replacing
the private events of the template by the private events of
the corresponding component. To prove similarity of local
supervisors in the same group, we need the following re-
sult stating that the symmetry map commutes with natural
projection.

Lemma 8 Let s € X} = (U;.‘LIEU)*, Zijo C Zij be the ob-
servable alphabets, and let Q: X — X = (U;‘;lzijo)*
be the projection. Assume that X;j, = ‘I’;j,(Zijfo). Then,

WE(O(s) = Q¥ (5)).

PROOF. We show that ‘P;j,(Q(s)) = Q(‘P}j,(s)) by induc-
tion. Let s = €, then ‘P;j,(Q(e)) €= Q(‘I’j".j,(e)).

Now, we assume that ‘I’;.j,(Q(s)) = Q(‘I’;.j,(s)) holds, and
show that ‘PJ".I.,(Q(sa)) = Q(‘Y;j,(sa)). Since ‘PJ".J.,(Q(sa)) =
V1 (QU)P Q@) = QW] ()WL, (Q(a), we need o

show that ‘P]".j,(Q(a)) = Q(‘P]".j,(a)). We have the following
cases.

Case 1: If a € %; \ (2;; U Z;;), then ‘PJ".].,(Q(a)) = Q(a) and
Q(‘P]i-j/(a)) = Q(a). Hence, ‘P]i-j/(Q(Cl)) = Q(‘Pji-j,(a)).

Case 2: If a € (Eij U Zijr) NZ,and a € 2,']'0 N Zgiv then
a € %;j0, and we thus have that ‘ij,(Q(a)) = ‘I’j".j,(a) =a
and Q(‘I’;j,(a)) =Q(a)=a.lfa € Z;jo \Zg;, let ‘I’;j,(a) = b.
It then follows from X;;, = ‘I‘;j,(Zij»O) that b € %;j,. Then

‘P;j,(Q(a)) = ‘P]".j,(a) =band Q(‘P;j,(a)) = Q(b) = b, which
proves that ‘I‘;'.].,(Q(a)) = Q(‘I’;.j,(a)).

Case 3:Ifa € (Zij UZij/)ﬂ(Zi \Zip). Ifa (Zij \Zijo OZg,-,
thena € Z;\Z;;,, and we get that ‘I—’J".J.,(Q(a)) = ‘P;i,(e) =€
and Q(‘Pji-j/(a)) =Q(a) = e If a € (Z;\ Zijo) \ Zgi, we
assume that ‘I’;j,(a) = b, and we have that b € Z;; \ Z;jr,
by the assumption that X;;, = ‘P;'.].,(Ejro). Then ¥, ;-(Q(a)) =
¥, /(€) = € and Q(¥;;7(a)) = Q(b) = €. Hence, lI’ji.j,(Q(a)) =
0¥, (a).

Therefore, we have ‘P;j,(Q(s)) = Q(‘P;j,(s)). O

Finally, we need a lemma stating that if we have a set of
similar plants, the underlying coordinated plant languages
form a set of similar languages. We introduce notation L;; for
group languages L(G;;), Lk for the top coordinator language
L(Gg), Ly, for the group coordinator language L(Gy, ), and
finally L;j k1, for the coordinated systems L;;||Lg|/Ly, in
the group G;.

Lemma 9 Assume that plant languages L(G;;) of group G;
are similar. If the combined coordinator G ||Gyg, is symmet-
ric for group symmetry maps ‘I’j‘.j,, then coordinated plant
languages of group G; remain similar, i.e. \f;‘ir(sz+k+k,-) =
Lijrsk+k;» where Lijigk; = L(Gij)||IL(Gk)||L(Gy, ).

PROOF. According to Lemma 4 we have ‘I’]".j,(Li ki) =

P LI (LillLi,) = LiplLllLe, = Lijekeks
where the symmetry of the combined coordinator, i.e.
\P][-j/(Lk“Lk,-) = Li|| L, is used. ]

We are now ready to shown that local supervisors in the
same group are similar, which means that it is sufficient to
apply the group symmetry map ‘I’]’ | to compute (j-th) local
supervisor S;;, j = 1,...,n; of group i from the first (tem-
plate) local supervisor S;; of group i. Note that algorithmi-
cally we simply need to replace the local (private events) of
S;1, i.e. every o € Z,;;, by its corresponding local event of
S;j, which is defined the rewriting bijection 1,0]’:].,(0').

Theorem 10 Consider a DES similar by groups {G1, G, . . -,
Ge} with Gi = {Gi1,Gi2, . .., Gin, } and global specification
K C L,,(G) that is two-level conditional decomposable with
respect to alphabets X1,%,. .., 2¢, 2, and Xk, and condi-
tionally symmetric by group. Assume that ¥;;, = ‘I’ji.j,(Z[ )
and Zijc = ‘P;j,(Eij/C). Then the local supervisors in the
same group are similar and can be obtained by a symmetry
mapping from a template S;| for i € [1,{], i.e.,

(Vjell,m]) S = ‘Pji'](sil)’ (11)



where Ly (Si1) = sup CO(Pi1sk+k; (K), Lit+i+k; )-

PROOF. Recall from (7) the expression for S;;. We first
show ‘P;I(SUPCO(Pi1+k+ki(K), Lit+k+k;)) S Pijri+k,(K) N
Lijsk+k;and then that lyjl(supCO(Pi1+k+ki(K)sLi1+k+kl-))
is controllable and relatively observable with respect to
Lij+k+kl--

Let s € ¥}, (Si1). By W}, (sup CO(Pi1+k+k; (K), Litsksk, ) €
\P}I(Pi1+k+ki (K) N Li1+k+ki) we have s € ‘{I}](Pil‘*'k‘f'ki([() N
Lji+k+k;)- Since K is symmetric by group, we have that s €
P! (Pitskk; (K)) = Pijikk; (K) by definition. By the group
similarity of local plants and symmetry of the coordinators,
Lemma 9 gives that s € ‘P;I(Lil+k+k,») = Ljj+k+k;- Thus we
have s € Pyjik; (K) O Lijiksk; -

—
2]

Next we prove that ‘P}l(sup CO(Piv1k+k; (K), Litskrk,)) i
controllable with respect to L;j ik, -

m

Let s € ‘P;I(SUPCO(Pi1+k+k,«(K),Li1+k+ki)) and so
Lijik+k; for o € Z,. Then

§€ lPji‘l(sup CO(Pi1+k+k;(K), Lit+k+k;))
= Wi;(s) € ¥, ¥}, (5up COPitssak, (K): Liticst,))
= Tij(s) € (sup CO(Pj1+k+k; (K), Lit+k+;))

From so- € L;jik+k, We obtain ‘P{J.(so-) € ‘Pﬁ'l,(LijJ,kJrki) =
Litsk+k;- Since  sup CO(Pj11ic+k; (K), Liti+k;) s con-
trollable with respect to Ljjik+k, and ‘I’L.(o-) is un-

controllable due to the assumption that controllabil-
ity status is preserved by symmetry map, we have that

‘Pili(s)‘l’ij(U') = '{'ﬁ.j(SO') € sup CO(Pjisi+k; (K), Lit+k+k; )-
Thus

Wi (] (s0) = s € W], (sup CO(Pirssk; (K), Lit ks,
= W%, (sup CO(Pirsksk, (K)s Lit ik, ))-

Now we show that ‘P}l(sup CO(Pi14k+k; (K), Litk+k; )
is relatively observable with respect to L;jik+k, and
Q. Let sa ¢ ‘le(sup CO(Pi1+k+k; (K), Lit+k+k;)) and
8" € Pijik+k; (K) such that Q(s) = O(s") and s’a € L;jikk; -
We show that s’a € ‘P;l(sup CO(Pi1+k+k; (K), Lit+k+k;))-
Then, there exist a string § € X* and a string d € X such
that §a € sup CO(Pil+k+ki (K), Lil+k+k,') and ‘P;l(gﬁ) = sa.
Since K is symmetric by group, we have Pjjixsr;(K) =
‘le-](Pi1+k+k,»(K)). Since s’ € Pjjir+k;(K), there exists a
string s” € Piy4r+x; (K) with ‘P;I(E’) = s’. The agents in the
same group are similar and the combined coordinator is

symmetric, so we obtain by Lemma 9 that ‘le(s’a) =s'de
W (Lijeicsk) = Liteket,- By Lemma 8 and Q(s) = O(s"),
it fol.lows that T}l(Q(s)) = Q(‘Pj’.l(s)) = Q@B) = 0(s') =
Q(‘I’]’.1 (s) = ‘I’]’.l (Q(s")). It follows from relative observabil-
ity of sup CO(P;1+k+k; (K), Li1+k+k; ) With respect to L; 4+ +k;
and Q that 5’d € sup CO(Pi1+k+k; (K), Li1+k+k; )- Therefore,
‘1’]’:1(5'67) =s'a € ‘{‘;](sup CO(Pi1+k+k; (K), Li1+k+k;))- Thus,
Si; < ‘P;I(Sil) is now proved. Recall that due to (2) this
completes the proof. m]

Notice that the computations of local supervisors involved
in the above theorem are independent of the number n;.
By (11), computing S;; for all j € [1,n;] requires the com-
puting of S;;, which requires the computing of P;j ki, (k)
and L;i+k+k;, both of which are independent of n;. There-
fore, the computation of the local supervisors S;i, . . ., Sip, is
independent of the number n; of agents, and thus solves the
state explosion problem of the supervisory control theory.
Moreover, the template S;; in Theorem 10 can be replaced
by an arbitrary local supervisor S;; in group i. Namely, we
can compute an arbitrary local supervisor in one group and
take this local supervisor as a template.

Remark 11 Theorem 10 requires that the global specifica-
tion K should be two-level conditional decomposable and
symmetric by group. Two-level conditional decomposability
for K is not restrictive since there always exist alphabets
X, € X and Ty C X such that the global specification is
two-level conditionally decomposable. For the symmetry by
group condition, if K is not symmetric by group, according
to Proposition 2 the set of similar sublanguages for each
group can be computed in a modular way under a given
condition. Therefore, given a similar discrete-event system
and a specification that is symmetric by group, we can get
that the local supervisors in the same group are similar.

4 TIllustrative example

Consider a small factory system, adapted from Wonham
and Cai (2019). As displayed in Fig. 2 small factory con-
sists of three input machines Gy, G2, G3 and two output
machines G4 and Gs linked by a buffer with capacities
three in the middle. The generators are shown in Fig. 2. Let
2 =3.U%,. ={11,13,3}U{i2} for [ € [1,5], % = £,U%,, =
{11,13,3}U{I2}, and =, = {3}. The alphabet of agents in the
input group is X; = U?:IZU = U;:l{jl,jZ,j3,3} and the
alphabets of agents in the output group are X, = sz 422 =
U;:4{j1,j2,j3,3}. Based on their different roles, the ma-

chines are divided into two groups: G| = {G1, G2, G3} and
G>» = {Gy4,Gs}. For different groups, the group symmetry
map is given below.

1T e — oree wl 701N — 221wl (09 — s2A. s s .
Y (0) =j0s W, (1) = j 1Y, (2) = 725, = 1,235



G (1=1,2,3)
(=1,2,3:
01: Gy takes a workpiece from an input bin
(2: Gy deposits a workpiece in buffer B
(3: Gy requests to take a workpiece form the input bin
(=4,5:
l1: Gy takes a workpiece from the buffer B
02: Gy ouputs a workpiece
(3: Gy requests to take a workpiece form the buffer B
3: Emergency stop

Figure 2. System configuration and plant generator models

W7,(0) = j'0 W5 (1) = jU 1 (2) = 2,0 = 4.5
1 _ g2 _ Q.
¥i(3) =¥}, (3) = 3;

The control specifications are as follows:

1. Agents in the input group to input a workpiece have pri-
ority over agents in the output group to take a workpiece if
an emergency stop happens.

2. The agent in the output group that first requests to take a
workpiece is first granted the workpiece.

These specifications Ky and K; are in Fig.3. The meanings
of each state of K; are: state x means all agents are in normal
state; state y denotes agents in the input group have priority
to take a workpiece (by events 11, 21, 31) after emergency
stop (event 3) happens. The meanings of each state of K,
are: state 1 means two agents in the output group are allowed
to take the workpiece; state 2 means agent G4 or Gs request
to take a workpiece (event 43 or 53 happens); state 3 means
agent G4 requests to take a workpiece from the buffer (event
43) since Gs has requested to take a workpiece at state 2,
which leads to that Gs is first granted the workpiece (event
51 is enabled at state 3); similarly, at state 4, Gy4 is first
granted the workpiece (event 41 is enabled) since Gy first
requests to take a workpiece (event 43 happens at state 2).

The global specification is K = Ky ||K;. Let £ = {3,41,51}.
We have K = Ki||Ky = Pi(K)||P2i(K), where
Pirg : X5 — (X; UXy)* for i = 1,2. The high-level coor-
dinator G¢ is Gy = Pr(G1)||Pr(G>), cf. Fig.4. Then we
need to compute the low-level coordinators for each group.
For the input group, let X, = {3,11,21,31}. We thus
get that Ky = Piyyreky (KO)IP124k+k (KD P131k44, (K1),
where Pjjix+k, (K1) are the local specifications for the
input group with P1j+k+k| DI (le U U Zkl)*
and j = 1,2,3, cf. Fig. 4. The corresponding low-

*
11,21,31,41,51 * * = 12,22,32,42,52,
s 13,23,33,43,53

X y
11,21,31 /"~

K,

*x = 12,22, 32,42,52

341,51

3

Gy,

3,11,21,31

3

Gy,

2.3
11,21,31,41,51  j2,i3
3

P (Ki); j=1,2,3

Figure 4. Coordinators and local specification generator models

level coordinator Gy, for the input group is Gy, =
P, (G| Pk, (G2)|| P, (G3), cf. Fig.4. It is symmetric. For
the output group, we choose X, = {3,43,53} and have
that K» = Paiykii,(K2)l|Po2si+k, (K2), where Pojipir,(K>)
are the local specifications, where Paj ik, o>
(X2j U X UZXy,)" and j = 4,5, cf. Fig. 4. The coordinator
Gy, for the output group is Gk, = Pk, (G4)||Pk,(Gs), cf.
Fig.4. It is also symmetric. Since ‘I’213(P11+k+k1 (Ky)) =

Priskek (K1), Wi(Piasksk, (K1) = Prowksr, (K1), and
WY1, (Pi3+k+k, (K1)) = Pisskek, (K1), the input group spec-
ification Piisk+k, (K1), Piosks+k, (K1), and  Pi3irek, (K1)
are similar. Since Wi (Paskrky(K2) = Pasiist,(K2),
Poyiiik,(K2) and Pasig4k,(K2) are similar. Thus, K is sym-
metric by group. By Theorem 10 local supervisors in each

group are similar, i.e. it suffices to compute one per group,
cf. Fig. 5..

5 Conclusion

An efficient modular approach to compute a set of template
supervisors for plants composed of systems similar by group
is proposed based on local computations of supremal sym-
metric sublanguages and on decomposing specifications. It
is shown that local supervisors for the components of a group
are similar, and can be computed by a symmetry map from
a template supervisor. In a future we plan to extend our ap-
proach to real-time systems.
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