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Abstract

A nondeterministic finite automaton (NFA) is weakly acyclic if the only cycles in its transition graph are self-loops.
Universality for NFAs is PSpace-complete, which rules out polynomial-time algorithms unless PSpace = P. This
raises the question of whether faster, in particular subexponential-time, algorithms are possible. We show that even for
highly restricted subclasses of weakly acyclic NFAs, universality admits no algorithm running in time 2𝑜 (𝑛) under the
Exponential Time Hypothesis (ETH), already over a binary alphabet, and no algorithm running in time 𝑂∗ (2𝑛/(2+𝜖 ) )
for any 𝜖 > 0 under the Strong Exponential Time Hypothesis (SETH), over an alphabet growing with the input. Both
bounds match the known lower bounds for general NFAs. We further establish analogous lower bounds for related
problems, including language inclusion and equivalence, length-restricted universality, and the shortest non-accepted
string problem. Our results show that the exponential complexity of the problems is inherent and does not arise from
the presence of nontrivial cycles.
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1. Introduction1

Language inclusion, equivalence, and universality are fundamental problems in automata theory, with applications2

across computer science. For nondeterministic finite automata (NFAs), these problems are PSpace-complete [1]. As-3

suming that PSpace≠ P, a natural question is whether these problems admit more efficient, in particular subexponential-4

time, algorithms. While various techniques improve the practical runtime of algorithms [2, 3, 4, 5, 6, 7], their core5

relies on NFA determinization, which leads to exponential worst-case complexity. Indeed, the determinization problem6

is ExpTime-hard [8], and deciding whether the subset construction yields an exponential blow-up in the number of7

states is itself PSpace-hard [9]. The absence of subexponential-time algorithms for these problems has been formalized8

via conditional lower bounds. Fernau and Krebs [10] showed that, under the Exponential Time Hypothesis (ETH), no9

algorithm can decide universality for 𝑛-state NFAs in time 2𝑜 (𝑛) . This result was later strengthened under the Strong10

Exponential Time Hypothesis (SETH), ruling out algorithms with running time 𝑂∗ (2𝑛/(2+𝜖 ) ) for any 𝜖 > 0 [11].11

Oliveira and Wehar [12] analyzed the DFA intersection non-emptiness problem under NC-SETH, implying a stronger12

result for the DFA union universality problem.13

In this paper, we revisit these questions for weakly acyclic NFAs and their variants. An automaton is weakly acyclic14

(or partially ordered, poNFA) if its transition relation induces a partial order on states, that is, if the only cycles in15

its transition diagram are self-loops. A poNFA is self-loop deterministic (rpoNFA, from restricted poNFA) if it has16

no nondeterministic choice between self-loop and non-self-loop transitions. Self-loop deterministic weakly acyclic17

automata arise naturally in several settings. They play a key role in weakly acyclic diagrams (WADs), which generalize18

OBDDs to represent infinite languages [13]; in XML schema languages, where their languages can be defined by19
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Table 1: Deciding universality for the classes of automata considered in this paper; 𝑛 denotes the number of states of the input automaton. An entry
in the column ETH means that no algorithm running in time 2𝑜 (𝑛) exists unless ETH fails; an entry in the column SETH means that no algorithm
running in time 𝑂∗ (2𝑛/(2+𝜖 ) ) , for any 𝜖 > 0, exists unless SETH fails. A dash indicates that no such bound is known.

Class Alphabet Universality ETH SETH

NFA fixed PSpace-c [1] [10] –
NFA growing PSpace-c [1] [10] [11]
poNFA fixed PSpace-c [14] [10] –
poNFA growing PSpace-c [14] [10] Thm 19
rpoNFA fixed coNP-c [14] Thm 5 –
rpoNFA growing PSpace-c [14] Thm 5 Thm 19
ptNFA fixed coNP-c [29] Thm 5 –
ptNFA growing PSpace-c [29] Thm 5 –

deterministic (one-unambiguous) regular expressions [14]; in regular model checking, where they are used to model20

and verify properties of distributed systems [15]; in language separation problems [16, 17]; and in discrete-event21

systems, as simple deadlock-free models for verification [18].22

Brzozowski and Fich [19] studied partially ordered DFAs (poDFAs) and showed that they characterize R-trivial23

languages. Extending the notion to NFAs, Schwentick, Thérien, and Vollmer [20] proved that poNFAs characterize24

level 3/2 of the Straubing-Thérien hierarchy [21, 22], an infinite hierarchy of star-free languages with connections to25

the dot-depth hierarchy [23, 24, 25], to first-order logic [26], and to complexity theory [27]. The languages of poNFAs26

are also known as alphabetical pattern constraints (APC), i.e., regular languages effectively closed under permutation27

rewriting [15]. Consequently, poNFAs are strictly more expressive than poDFAs, and the natural nondeterministic28

counterpart of poDFAs is given by self-loop deterministic poNFAs (rpoNFAs) [14].29

Level 1 of the Straubing-Thérien hierarchy is known as piecewise testable languages, introduced by Simon [28].30

These languages are characterized by J -trivial syntactic monoids and by confluent poDFAs. The corresponding31

nondeterministic model is given by complete and confluent rpoNFAs, also known as ptNFAs [29].32

Despite their restricted structure, deciding universality for poNFAs and their variants discussed above remains33

PSpace-complete. For poNFAs, the result holds even over a binary alphabet. However, for rpoNFAs and ptNFAs over34

a fixed alphabet, the problem drops to coNP-complete [14, 29].35

Since universality is a special case of language inclusion and equivalence (with Σ∗), these complexity bounds carry36

over to the inclusion and equivalence problems as well [29].37

1.1. Our contributions38

The main result of this paper is that the exponential complexity of universality persists under strong structural re-39

strictions: weakly acyclic NFAs do not admit subexponential-time algorithms under standard complexity assumptions.40

Technically, our contributions consist of two reductions with a linear overhead in the number of states, together41

with the consequences we derive from them. The reductions are purely combinatorial, the lower bounds they imply42

are conditional on ETH or SETH. Table 1 summarizes how the resulting picture relates to what was known before.43

Besides universality itself, two refinements recur throughout the paper, and we introduce them here.44

First, we pay particular attention to automata in which all states are accepting. For general NFAs, universality45

remains PSpace-complete under this restriction [30]; the known reduction, however, introduces nontrivial cycles and46

therefore does not apply in the weakly acyclic setting. All lower bounds established below hold already for automata47

with all states accepting, which makes them as strong as possible in this respect.48

Second, following Gawrychowski et al. [31], we consider two length-restricted variants of universality. Given49

an automaton A over an alphabet Σ and an integer ℓ encoded in binary, specified-length universality asks whether50

Σℓ ⊆ 𝐿 (A), and bounded-length universality asks whether Σ≤ℓ ⊆ 𝐿 (A). The latter is closely related to the problem51

of determining the length of the shortest non-accepted string: an integer ℓ is the length of the shortest non-accepted52

string of a language 𝐿 if and only if ℓ is the maximum number such that Σ≤ℓ−1 ⊆ 𝐿. A dual problem, asking whether53
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a given automaton accepts some string of a given length, can be solved in time 𝑂 (𝑛𝜔 (log𝑛)1+𝜖 logℓ), where 𝜔 is the54

exponent of matrix multiplication [32].55

Main results.56

• From 3-Coloring on a graph with 𝑛 vertices and 𝑚 edges, we construct in time 𝑂 (𝑛+𝑚) an rpoNFA with 4𝑛−257

states, all accepting, and a ptNFA with 5𝑛−3 states, both over a three-letter alphabet, which are universal if and58

only if the graph admits no proper 3-coloring (Proposition 4). A binary encoding of the alphabet preserves the59

linear number of states. The ptNFA moreover accepts every string whose length differs from 𝑛, which is what60

makes the length-restricted variants accessible (Corollary 9).61

• From a 𝑘-CNF formula with 𝑛 variables and 𝑚 clauses, we construct in polynomial time an rpoNFA with 2𝑛+162

states, all accepting, over an alphabet of size (𝑛+1)𝑚, which is universal if and only if the formula is satisfiable63

(Proposition 18). If the formula is unsatisfiable, then the shortest string not accepted by the automaton has64

length 2𝑛.65

The second reduction relies on a construction of independent interest: an rpoNFA with 2𝑛 + 1 states whose66

configurations, driven by a Zimin string, enumerate all 2𝑛 binary counter values in increasing order (Section 4.1).67

Consequences for exponential hardness.68

• Unless ETH fails, universality of 𝑛-state ptNFAs, and of 𝑛-state rpoNFAs with all states accepting, cannot be69

decided in time 2𝑜 (𝑛) , even over a binary alphabet (Theorem 5). The same lower bound therefore applies to70

poNFAs and to NFAs.71

• Unless SETH fails, universality of 𝑛-state rpoNFAs with all states accepting cannot be decided in time72

𝑂∗ (2𝑛/(2+𝜖 ) ) for any 𝜖 > 0 (Theorem 19). Here the alphabet grows with the input; see Remark 20.73

• Both bounds carry over to language inclusion and equivalence (Corollaries 6 and 21), to specified-length and74

bounded-length universality (Corollaries 9 and 22), and, under SETH, to determining the length of the shortest75

non-accepted string (Corollary 23).76

Complexity results.77

• Requiring all states to be accepting does not change the complexity of universality for weakly acyclic automata:78

for poNFAs and for rpoNFAs, the complexity of the restricted problem coincides with the complexity of the79

unrestricted one (Theorem 24).80

• Specified-length and bounded-length universality are PSpace-complete for weakly acyclic NFAs over a binary81

alphabet and for rpoNFAs and ptNFAs over a growing alphabet (Lemma 7). For fixed alphabets, the complexity82

of both problems drops to coNP-complete for rpoNFAs and ptNFAs (Lemma 8).83

Consequences for descriptional complexity.84

• There are 𝑛-state rpoNFAs with all states accepting whose shortest non-accepted string has length 2(𝑛−1)/2.85

Relation to previous work. While the ETH-based lower bound of Fernau and Krebs [10] already applies to weakly86

acyclic NFAs, other existing bounds do not. In particular, the results of Oliveira and Wehar [12], based on Kozen’s87

PSpace-hardness proof of DFA-union universality [33], rely on nontrivial cycles that are essential for the construction;88

if all cycles are restricted to self-loops, the problem becomes easier and is known to be coNP-complete [29]. This89

paper builds on the results of [11], substantially revising and extending them. In particular, all results concerning90

universality also apply to the notions of opacity studied therein.91

Considering the descriptional complexity result, the best previous bound is by Masopust and Krötzsch [29], who92

constructed, for all 𝑘,𝑛 ≥ 1, a ptNFA over an 𝑛-letter alphabet with 𝑛(2𝑘 + 1) + 1 states whose unique non-accepted93

string has length
(𝑘+𝑛

𝑘

)
−1; for a given number 𝑁 of states, this quantity is maximized for 𝑘 = 𝑛, and is then 2Θ(

√
𝑁 ) .94

Since ptNFAs are complete and confluent rpoNFAs, the same bound holds for rpoNFAs, where it was also obtained95
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directly [14]. For weakly acyclic NFAs over a five-letter alphabet, Ellul et al. [34] obtained 2𝑛/25, and 2𝑛/75 after a96

binary encoding that destroys weak acyclicity, the latter also holds with all states accepting [30]. Our construction97

improves the exponent from Θ(
√
𝑛) to Θ(𝑛), at the price of an alphabet growing with the input and of a weaker98

combinatorial property: the automata of [29] reject a single string, whereas ours rejects infinitely many.99

2. Preliminaries100

We assume familiarity with automata theory [35]. For a set 𝑆, its cardinality is denoted by |𝑆 |, and its power set by101

2𝑆 . If 𝑆 = {𝑥} is a singleton, we often write 𝑥 instead of {𝑥}. An alphabet Σ is a finite nonempty set of letters. A string102

over Σ is a finite sequence of letters from Σ. The set of all strings over Σ is denoted by Σ∗; the empty string is denoted103

by 𝜀. A language over Σ is a subset of Σ∗. For a string 𝑢 ∈ Σ∗, its length is denoted by |𝑢 |. We denote by Σℓ the set of104

strings over Σ of length ℓ, and by Σ≤ℓ and Σ≥ℓ the sets of strings of length at most ℓ and at least ℓ, respectively.105

2.1. Automata106

A nondeterministic finite automaton (NFA) is a structure A = (𝑄,Σ, 𝛿, 𝐼, 𝐹), where 𝑄 is a finite set of states,107

Σ is an input alphabet, 𝐼 ⊆ 𝑄 is a set of initial states, 𝐹 ⊆ 𝑄 is a set of accepting states, and 𝛿 : 𝑄 ×Σ → 2𝑄 is a108

transition function, extended to 2𝑄 ×Σ∗ in the standard way. For 𝑌,𝑌 ′ ⊆ 𝑄, 𝑝, 𝑞 ∈ 𝑄, and 𝑤 ∈ Σ∗, we write 𝑌 𝑤−→ 𝑌 ′
109

for 𝛿(𝑌,𝑤) =𝑌 ′ and 𝑝
𝑤−→ 𝑞 for 𝑞 ∈ 𝛿(𝑝,𝑤). A run on 𝑤 from 𝑞0 is a sequence 𝑞0

𝑤1−−→ 𝑞1
𝑤2−−→ 𝑞2

𝑤3−−→ · · · 𝑤𝑘−−→ 𝑞𝑘 , where110

𝑞𝑖 ∈ 𝑄, 𝑤𝑖 ∈ Σ∗− {𝜀} for all 𝑖, and 𝑤 = 𝑤1𝑤2 · · ·𝑤𝑘 . The run is accepting if 𝑞0 ∈ 𝐼 and 𝑞𝑘 ∈ 𝐹.111

The automaton A is complete if, for every letter 𝑎 ∈ Σ and every state 𝑞 ∈ 𝑄, the set 𝛿(𝑞, 𝑎) is nonempty. The112

language accepted by A is 𝐿 (A) = {𝑤 ∈ Σ∗ | 𝛿(𝐼,𝑤) ∩ 𝐹 ≠ ∅}. The NFA A is deterministic (DFA) if |𝐼 | = 1 and113

|𝛿(𝑞, 𝑎) | = 1 for every state 𝑞 ∈ 𝑄 and every letter 𝑎 ∈ Σ. We define DFAs to be complete.114

The reachability relation ≤ on 𝑄 is defined by 𝑝 ≤ 𝑞 if there exists a string 𝑤 ∈ Σ∗ such that 𝑞 ∈ 𝛿(𝑝,𝑤). An NFA115

is partially ordered (poNFA) if ≤ is a partial order. A poNFA with the property that 𝑞 ∈ 𝛿(𝑞, 𝑎) implies 𝛿(𝑞, 𝑎) = {𝑞}116

for every state 𝑞 ∈ 𝑄 and every letter 𝑎 ∈ Σ is self-loop deterministic or restricted partially ordered (rpoNFA). The117

same definitions apply to DFAs, resulting in partially ordered DFAs (poDFAs). An automaton is confluent if, for118

every state 𝑞 ∈ 𝑄 and every pair of (not necessarily distinct) letters 𝑎, 𝑏 ∈ Σ, whenever 𝑠 ∈ 𝛿(𝑞, 𝑎) and 𝑡 ∈ 𝛿(𝑞, 𝑏),119

there exists a string 𝑤 ∈ {𝑎, 𝑏}∗ such that 𝛿(𝑠,𝑤) ∩ 𝛿(𝑡,𝑤) ≠ ∅. An rpoNFA is a ptNFA if it is complete and confluent.120

Analogously, we define confluent poDFAs, which are complete by definition. Note that every ptNFA is an rpoNFA121

and every rpoNFA is a poNFA.122

The depth of a poNFA A is the number of transitions on a longest simple path in the underlying graph of A starting123

in an initial state. Recall that a path is simple if all states on the path are pairwise distinct. The configuration of an124

NFA A is a state of the DFA obtained from A by the standard subset construction [35].125

A string 𝑟𝑛𝑟𝑛−1 . . . 𝑟1 ∈ {0,1}𝑛 is the binary representation of a natural number ℓ if ℓ = (𝑟𝑛𝑟𝑛−1 . . . 𝑟1)2 =
∑𝑛

𝑖=1 𝑟𝑖 ·2𝑖−1.126

2.2. CNF-SAT and exponential time hypotheses127

A (Boolean) formula consists of variables, logical connectives conjunction (∧), disjunction (∨), and negation (¬),128

and parentheses. A literal is a variable or its negation. A clause is a disjunction of literals. A formula is in conjunctive129

normal form (CNF) if it is a conjunction of clauses. If each clause has at most 𝑘 literals, then the formula is in 𝑘-CNF.130

A formula is satisfiable if there exists an assignment of truth values to the variables that evaluates the formula to true.131

Given 𝑘 ≥ 3, the 𝑘-CNF Boolean satisfiability problem (𝑘-SAT) asks whether a given 𝑘-CNF formula is satisfiable.132

If the formula has 𝑛 variables, then enumerating all 2𝑛 assignments yields an 𝑂 (2𝑛𝑛𝑘)-time algorithm for 𝑘-SAT,133

where the polynomial factor accounts for checking all clauses. We use 𝑂∗ to suppress polynomial factors, that is,134

𝑂∗ (𝑔(𝑛)) =𝑂 (𝑔(𝑛) ·poly(𝑛)) for 𝑔(𝑛) ∈ 𝜔(poly(𝑛)).135

Exponential time hypotheses are motivated by the observation that no algorithm is known that solves SAT in the136

worst case significantly faster than exhaustive search [36]. The exponential time hypothesis states that 3-SAT cannot137

be solved in subexponential time 2𝑜 (𝑛) , where 𝑛 is the number of variables in the input formula [36].138

Hypothesis 1 (Exponential Time Hypothesis (ETH)). There exists 𝜖 > 0 such that 3-SAT cannot be solved in time139

𝑂 (2𝜖 𝑛), where 𝑛 is the number of variables in the formula.140
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This formulation still allows algorithms with running time 𝑂 (𝑐𝑛) for 𝑐 < 2. The currently fastest 3-SAT algorithm141

runs in time 𝑂∗ (1.30704𝑛) [37, 38]. For larger 𝑘 , the best known algorithms for 𝑘-SAT become slower; for example,142

the fastest known 4-SAT algorithm runs in time 𝑂∗ (1.46899𝑛) [38]. This motivates the strong exponential time143

hypothesis, which asserts that for every 𝑐 < 2 there exists 𝑘 such that 𝑘-SAT cannot be solved in time 𝑂 (𝑐𝑛) [36].144

Hypothesis 2 (Strong Exponential Time Hypothesis (SETH)). For every 𝜖 > 0, there exists 𝑘 ≥ 3 such that 𝑘-SAT145

cannot be solved in time 𝑂 (2(1−𝜖 )𝑛), where 𝑛 is the number of variables in the formula.146

Both hypotheses imply P ≠ NP, and SETH implies ETH.147

3. Hardness under the Exponential Time Hypothesis148

We recall the classical 3-Coloring problem. A 3-coloring of an undirected graph 𝐺 = (𝑉,𝐸) is a mapping149

𝜇 : 𝑉 → {𝑎, 𝑏, 𝑐}. The coloring is proper if 𝜇(𝑢) ≠ 𝜇(𝑣) for every edge {𝑢, 𝑣} ∈ 𝐸 . The problem asks whether a given150

graph admits a proper 3-coloring.151

Theorem 3 ([10, Theorem 1], [39, Theorem 14.6]). Unless ETH fails, 3-Coloring on graphs with 𝑛 vertices and 𝑚152

edges cannot be solved in time 2𝑜 (𝑛+𝑚) .153

Fernau and Krebs [10] showed how to reduce 3-Coloring on a graph with 𝑛 vertices and𝑚 edges to the universality154

problem for NFAs withΘ(𝑛+𝑚) states over a binary alphabet. Combined with Theorem 3, this implies that universality155

for 𝑁-state NFAs over a binary alphabet admits no algorithm running in time 2𝑜 (𝑁 ) , unless ETH fails.156

We show that this lower bound can be extended to restricted classes of weakly acyclic automata. The technical157

core is the following reduction, which is obtained by a modification of the construction of Fernau and Krebs. The158

reduction records the size of the resulting automata, which is what the consequences depend on.159

Proposition 4. There is an algorithm that, given a graph 𝐺 with 𝑛 ≥ 2 vertices and 𝑚 ≥ 1 edges, constructs in time160

𝑂 (𝑛+𝑚) the following two automata over a three-letter alphabet Σ.161

(a) An rpoNFA A with all states accepting, with 4𝑛−2 states and 12𝑛+3𝑚−15 transitions, such that a string 𝑤 ∈ Σ∗
162

is not accepted by A if and only if |𝑤 | ≥ 𝑛 and the prefix of 𝑤 of length 𝑛 encodes a proper 3-coloring of 𝐺.163

(b) A ptNFA A′ with 5𝑛− 3 states and 15𝑛+ 3𝑚 − 9 transitions that accepts every string of length different from 𝑛,164

and such that a string 𝑤 ∈ Σ𝑛 is not accepted by A′ if and only if 𝑤 encodes a proper 3-coloring of 𝐺.165

In particular, each of A and A′ is universal if and only if 𝐺 has no proper 3-coloring. Moreover, automata with the166

same properties can be constructed over a binary alphabet at the cost of increasing the number of states by a constant167

factor.168

Proof. Given a graph 𝐺 = (𝑉,𝐸) with vertices 𝑣1, 𝑣2, . . . , 𝑣𝑛 and 𝑚 ≥ 1 edges. We construct an automaton A with169

Θ(𝑛) states and Θ(𝑛+𝑚) transitions such that A is universal if and only if 𝐺 is not 3-colorable.170

(a) Let Σ = {𝑎, 𝑏, 𝑐}, where letters represent colors. A string 𝑤 = 𝑤1 · · ·𝑤𝑛 ∈ Σ𝑛 encodes a coloring of 𝐺 by setting171

𝜇(𝑣𝑖) = 𝑤𝑖 . The automaton A = (𝑄,Σ, 𝛿, 𝐼, 𝐹) is defined as follows. The set of states is172

𝑄 = { 𝑓 } ∪ {𝑞1, . . . , 𝑞𝑛} ∪ {𝑥𝑖 | 𝑥 ∈ {𝑎, 𝑏, 𝑐}, 1 ≤ 𝑖 ≤ 𝑛−1}

and the transition relation consists of173

• 𝑞𝑖
𝑥−→ 𝑞𝑖+1 for 𝑖 = 1, . . . , 𝑛−1 and all 𝑥 ∈ Σ,174

• 𝑥𝑖
𝑦
−→ 𝑥𝑖−1 for 𝑖 = 2, . . . , 𝑛−1 and all 𝑥, 𝑦 ∈ Σ,175

• 𝑥1
𝑥−→ 𝑓 for all 𝑥 ∈ Σ,176

• 𝑓
𝑥−→ 𝑓 for all 𝑥 ∈ Σ, and177

• for each edge {𝑣𝑖 , 𝑣 𝑗 } ∈ 𝐸 with 𝑖 < 𝑗 , 𝑞𝑖
𝑥−→ 𝑥 𝑗−𝑖 for all 𝑥 ∈ Σ.178
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q1 q2 q3 q4 qn

an−1 an−2 an−3 a1

bn−1 bn−2 bn−3 b1

cn−1 cn−2 cn−3 c1

f

a, b, c a, b, c a, b, c a, b, c

a, b, c a, b, c a, b, c

a

a, b, c a, b, c a, b, c b

a, b, c a, b, c a, b, c

c

a, b, c

Figure 1: Main part of the rpoNFA from the proof of Proposition 4(a), without transitions corresponding to the edges of 𝐺; all states are accepting.

We set 𝐼 = {𝑞1} and 𝐹 =𝑄, see Figure 1.179

Intuitively, the automaton simulates a coloring of the vertices and uses the auxiliary states 𝑥𝑖 to verify consistency180

of colors along edges. Let 𝑤 = 𝑤1 · · ·𝑤𝑘 ∈ Σ∗ with 𝑤𝑖 ∈ Σ. If 𝑘 < 𝑛, then the run181

𝑞1
𝑤1−−→ 𝑞2

𝑤2−−→ 𝑞3
𝑤3−−→ · · · 𝑤𝑘−−→ 𝑞𝑘+1 (1)

is accepting. Hence, we may assume that 𝑘 ≥ 𝑛. In this case, no run on 𝑤 starting from 𝑞1 can remain entirely within182

the states {𝑞1, . . . , 𝑞𝑛}. Instead, every run has a prefix of the form183

𝑞1
𝑤1 · · ·𝑤𝑖−1−−−−−−−→ 𝑞𝑖

𝑤𝑖−−→ 𝑥 𝑗−𝑖
𝑤𝑖+1 · · ·𝑤 𝑗−1−−−−−−−−−→ 𝑥1, (2)

where {𝑣𝑖 , 𝑣 𝑗 } ∈ 𝐸 with 𝑖 < 𝑗 , and 𝑥 = 𝑤𝑖 . By construction, we have 𝑤𝑖 = 𝑤 𝑗 if and only if the transition 𝑥1
𝑤 𝑗−−→ 𝑓 is184

enabled, which is in turn equivalent to the existence of an accepting run on 𝑤 (continuing as 𝑓
𝑤 𝑗+1 · · ·𝑤𝑘−−−−−−−→ 𝑓 ). It follows185

that a string 𝑤1 · · ·𝑤𝑛 is rejected if and only if it encodes a proper 3-coloring of 𝐺. Consequently, 𝐺 admits a proper186

3-coloring if and only if A is not universal.187

The automaton has 4𝑛− 2 states and 12𝑛 + 3𝑚 − 15 transitions. It is weakly acyclic and self-loop deterministic;188

in particular, its only cycle is the self-loop on 𝑓 . Since all states are accepting, A is an rpoNFA with the required189

properties.190

(b) We now modify the construction to obtain a ptNFA. Note that part (a) cannot be directly adapted while keeping191

all states accepting, since ptNFAs are complete by definition and any complete automaton with all states accepting is192

trivially universal. To ensure completeness and confluence, we extend the automaton by adding new states 𝑠2, . . . , 𝑠𝑛193

and the following transitions (see Figure 2):194

• 𝑞𝑛
𝑥−→ 𝑠𝑛 for all 𝑥 ∈ Σ,195

• 𝑥1
𝑦
−→ 𝑠2 for all 𝑥, 𝑦 ∈ Σ such that 𝑥 ≠ 𝑦,196

• 𝑠𝑛
𝑥−→ 𝑓 for all 𝑥 ∈ Σ, and197

• 𝑠𝑖
𝑥−→ 𝑠𝑖+1 for 𝑖 = 2, . . . , 𝑛−1 and all 𝑥 ∈ Σ.198

The state 𝑓 acts as a sink, which ensures confluence. The automaton is complete by construction. The set of accepting199

states is 𝐹 = {𝑞1, . . . , 𝑞𝑛} ∪ { 𝑓 }.200

Let 𝑤 = 𝑤1 · · ·𝑤𝑘 ∈ Σ∗ with 𝑤𝑖 ∈ Σ. If 𝑘 < 𝑛, then the run (1) is accepting. If 𝑘 > 𝑛, then the run extends as201

𝑞1
𝑤1 · · ·𝑤𝑛−1−−−−−−−−→ 𝑞𝑛

𝑤𝑛−−→ 𝑠𝑛
𝑤𝑛+1−−−−→ 𝑓

𝑤𝑛+2 · · ·𝑤𝑘−−−−−−−−→ 𝑓 , and is therefore accepting. It remains to consider the case 𝑘 = 𝑛. In this202

case, the extension 𝑞𝑛
𝑤𝑛−−→ 𝑠𝑛 leads to a non-accepting state. All other runs have a prefix of the form (2). If 𝑤𝑖 ≠ 𝑤 𝑗 ,203

then the run continues as 𝑥1
𝑤 𝑗−−→ 𝑠2

𝑤 𝑗+1 · · ·𝑤𝑛−−−−−−−→ 𝑠𝑛− 𝑗+2, and is not accepting. If, on the other hand, 𝑤𝑖 = 𝑤 𝑗 , then the run204

continues as 𝑥1
𝑤 𝑗−−→ 𝑓

𝑤 𝑗+1 · · ·𝑤𝑛−−−−−−−→ 𝑓 , and is accepting. Hence, 𝑤 is rejected if and only if it encodes a proper 3-coloring205

of 𝐺. Consequently, 𝐺 admits a proper 3-coloring if and only if A is not universal. The automaton has 5𝑛−3 states206

and 15𝑛+3𝑚−9 transitions, and is a complete and confluent rpoNFA, i.e., a ptNFA.207
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b

a, c
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a,
b a, b, c

a, b, c

a, b, c

Figure 2: Main part of the ptNFA from the proof of Proposition 4(b), without transitions corresponding to the edges of 𝐺.

Finally, we encode the construction over a binary alphabet. We introduce a fresh letter 𝑎′ duplicating the transitions208

of 𝑎, and use the encoding 𝑎 = 00, 𝑎′ = 01, 𝑏 = 10, and 𝑐 = 11. To avoid introducing nontrivial cycles, the self-loops on209

𝑓 are replaced by self-loops under 0 and 1. The encoding increases the number of states only by a constant factor (at210

most two new states for every existing state). The acceptance condition is adjusted accordingly. In case (a), all states211

are accepting. In case (b), a run corresponding to a run that visits only states from {𝑞1, . . . , 𝑞𝑛, 𝑠𝑛, 𝑓 } in the original212

automaton is accepting if and only if its length is different from 2𝑛. □213

The announced lower bounds now follow by combining Proposition 4 with Theorem 3.214

Theorem 5. Unless ETH fails, there is no algorithm that decides the following problems for 𝑛-state automata in time215

2𝑜 (𝑛) .216

(a) Universality of rpoNFAs with all states accepting.217

(b) Universality of ptNFAs.218

The result holds even if the automata are over a binary alphabet.219

Proof. Let 𝐺 be a graph with 𝑛 vertices and 𝑚 edges, and let A be the automaton provided by Proposition 4; it has220

𝑁 =Θ(𝑛) states and is universal if and only if𝐺 has no proper 3-coloring. Assume that universality of 𝑁-state automata221

of the respective class can be decided in time 2𝑜 (𝑁 ) . Constructing A takes time𝑂 (𝑛+𝑚), and 2𝑜 (𝑁 ) = 2𝑜 (𝑛) ⊆ 2𝑜 (𝑛+𝑚) .222

Hence 3-Coloring would be solvable in time 2𝑜 (𝑛+𝑚) , contradicting Theorem 3. The claim over a binary alphabet223

follows from the last part of Proposition 4, since the number of states grows only by a constant factor. □224

3.1. Inclusion, equivalence, and length-restricted universality225

Let A1 and A2 be NFAs over the same alphabet Σ. The language inclusion problem is to decide whether226

𝐿 (A1) ⊆ 𝐿 (A2). The language equivalence problem is to decide whether 𝐿 (A1) = 𝐿 (A2). Both problems are closely227

related to universality. In particular, universality reduces to inclusion (by testing Σ∗ ⊆ 𝐿 (A)) and equivalence (by228

testing 𝐿 (A) = Σ∗). Consequently, the lower bounds of Theorem 5 immediately carry over to language inclusion and229

equivalence.230

Corollary 6. Unless ETH fails, language inclusion and equivalence for ptNFAs (and for rpoNFAs with all states231

accepting) over a binary alphabet cannot be decided in time 2𝑜 (𝑛) , where 𝑛 denotes the maximum number of states of232

the input automata. □233

We next consider two variants of universality introduced by Gawrychowski et al. [31]. Given an automaton234

A over an alphabet Σ and an integer ℓ encoded in binary, the specified-length universality problem asks whether235

Σℓ ⊆ 𝐿 (A), while the bounded-length universality problem asks whether Σ≤ℓ ⊆ 𝐿 (A). Both problems are known to236

be PSpace-complete for NFAs. The hardness can be adapted to weakly acyclic automata, yielding the following.237

Lemma 7. Specified-length and bounded-length universality are PSpace-complete for poNFAs, rpoNFAs, and ptNFAs.238

The hardness holds already for poNFAs over a binary alphabet.239
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Proof sketch. The PSpace-hardness for NFAs shown by Gawrychowski et al. [31] builds on the classical construction240

of regular expressions that accept all invalid or rejecting computations of a polynomial-space bounded deterministic241

Turing machine [1, Lemma 10.2]. The construction is arranged so that the underlying computation either halts242

or loops forever. The resulting regular expressions can be translated into poNFAs, which yields PSpace-hardness243

for specified-length universality for poNFAs. Moreover, the hardness already holds over a binary alphabet by the244

construction of Krötzsch et al. [14], who further provide a construction of rpoNFAs from the regular expressions.245

Since the assumptions on the Turing machine used in [31] do not affect the argument, the result extends to rpoNFAs246

over a growing alphabet.247

Finally, in [29], a ptNFA A is constructed from a given polynomial-space bounded deterministic Turing machine248

and its input such that A accepts all strings whose length differs from
(2𝑛
𝑛

)
− 1, for some 𝑛 specified in the proof.249

Consequently, the only length at which A may reject a string is ℓ =
(2𝑛
𝑛

)
− 1. Hence, A is universal if and only if250

Σℓ ⊆ 𝐿 (A). The same reasoning applies to bounded-length universality, since the existence of a rejecting string of251

length ℓ implies the failure of universality over Σ≤ℓ . □252

For fixed alphabets, the complexity decreases.253

Lemma 8. For rpoNFAs and ptNFAs over a fixed alphabet, specified-length and bounded-length universality are254

coNP-complete.255

Proof. For hardness, we use Proposition 4(b), which provides a polynomial-time reduction from the complement of256

3-Coloring. The parameter ℓ is set to the number of vertices. By the reduction, a graph admits a proper 3-coloring if257

and only if there exists a string of length ℓ that is not accepted by the constructed automaton.258

For membership in coNP, let A be an rpoNFA over a fixed alphabet Σ of size 𝑐, and let 𝑘 denote its depth. We259

may assume that A is complete by adding a sink state if necessary. By [14, Theorem 8], the language 𝐿 (A) is a260

union of ∼R
𝑘

-classes, where ∼R
𝑘

is a congruence of finite index. Each equivalence class contains a unique shortest261

representative, whose length is bounded by 𝜆 =
(𝑘+𝑐

𝑘

)
−1 =𝑂 (𝑘𝑐) [19, 40]. Since 𝑐 is fixed and 𝑘 is at most the number262

of states of A, the bound 𝜆 is polynomial in the number of states. Therefore, if there exists a string not in 𝐿 (A),263

then there exists such a string of length at most 𝜆. A nondeterministic algorithm can guess such a string and verify in264

polynomial time that it is not accepted by A, which shows membership in coNP.265

The argument directly extends to ptNFAs, which form a subclass of rpoNFAs. □266

Finally, we consider the case where the length parameter is bounded by a linear function of the number of states.267

Corollary 9. Let 𝑐 ≥ 5 be a constant. For 𝑛-state ptNFAs (rpoNFAs, NFAs) over a fixed alphabet, deciding whether268

Σ𝑛/𝑐 ⊆ 𝐿 (A) is coNP-hard and cannot be solved in time 2𝑜 (𝑛) unless ETH fails. The same holds for Σ≤𝑛/𝑐 and Σ≥𝑛/𝑐.269

Proof. Membership in coNP follows since a violating string has length 𝑛/𝑐, which is polynomial in the number of270

states and can be guessed and verified in polynomial time.271

For hardness and the ETH-based lower bound, we use Proposition 4(b). It yields an automaton A with 5𝑁 − 3272

states such that a graph 𝐺 has a proper 3-coloring if and only if there exists a string of length 𝑁 not accepted by A.273

Moreover, all strings of lengths different from 𝑁 are accepted.274

To enforce 𝑁 = ⌊𝑛/𝑐⌋, we add 𝑘 unreachable states to A, which does not affect its language. Specifically, we add275

states 𝑝1, . . . , 𝑝𝑘 together with transitions 𝑝𝑖
𝑥−→ 𝑓 for all 𝑥 ∈ Σ. The total number of states becomes 𝑛 = 5𝑁 − 3+ 𝑘 .276

Choosing 𝑘 as the smallest integer such that
⌊
𝑛
𝑐

⌋
= 𝑁 yields 𝑘 ≥ 𝑐𝑁 −5𝑁 +3 =𝑂 (𝑁). Thus, the padding increases the277

size only linearly and preserves the correctness of the reduction.278

The same argument applies to the bounded-length variants. □279

With a small modification, the above corollary holds also for automata over a binary alphabet. Since the binary280

version of the automaton A′ of Proposition 4(b) has a higher number of states, the constant 𝑐 has to be at least 10 in281

that case.282
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4. Hardness under Strong Exponential Time Hypothesis283

We now strengthen the previous results under the Strong Exponential Time Hypothesis (SETH), showing that284

universality for rpoNFAs cannot be decided significantly faster than by exhaustive search. The proof proceeds in two285

steps. First, we construct an rpoNFA A𝑛 whose configurations simulate a binary counter from 0 to 2𝑛−1. The counter286

value is encoded in the current configuration, that is, in the subset of active states of A𝑛. Moreover, the automaton287

accepts all strings except those having the specific prefix 𝑍𝑛𝑎𝑛+1, i.e., it rejects exactly the language 𝑍𝑛𝑎𝑛+1Σ
∗
𝑛+1,288

where 𝑍𝑛 is a Zimin string.289

In the second step, we use this automaton to reduce a 𝑘-SAT formula 𝜑 with 𝑛 variables to the universality problem290

for an rpoNFA A𝜑 . The counter values are interpreted as truth assignments, and additional transitions are used to291

verify whether clauses are satisfied.292

Since the argument is somewhat involved, we first mention four facts that drive it; each of them is stated formally293

later in this section, and we indicate where.294

1. Reading the Zimin string 𝑍𝑛 from the initial configuration, the automaton A𝑛 passes through the 2𝑛 configu-295

rations that encode the counter values 0,1, . . . ,2𝑛 −1, in this order (Lemma 12). Reading any letter other than296

the expected one immediately activates the sink state 𝑞+, and reading the terminating letter 𝑎𝑛+1 in the last297

configuration empties the configuration; consequently, A𝑛 rejects a string if and only if the string starts with298

𝑍𝑛𝑎𝑛+1 (Lemmas 11 and 13).299

2. Since a configuration encoding a counter value contains exactly one of the states 𝑥0
𝑖
, 𝑥1

𝑖
, for every 𝑖, it can be300

read as a valuation of the variables of 𝜑. The traversal in Fact 1 therefore enumerates all 2𝑛 valuations.301

3. In A𝜑 , every letter is a pair consisting of a letter of Σ𝑛+1 and a clause 𝑐 of 𝜑. The first component drives the302

counter as in A𝑛; the second component is a guess whose only effect is that the sink 𝑞+ becomes active if and303

only if 𝑐 is satisfied by the valuation encoded by the current configuration (Lemma 14). Staying on the rejecting304

path of Fact 1 thus amounts to exhibiting, at every step, a clause falsified by the current valuation.305

4. Hence A𝜑 is non-universal if and only if the whole rejecting path can be traversed, that is, if and only if every306

one of the 2𝑛 valuations falsifies some clause, i.e., if and only if 𝜑 is unsatisfiable (Lemmas 15, 16, and 17).307

4.1. An rpoNFA with a state counter308

We consider the alphabetΣ𝑛+1 = {𝑎1, 𝑎2, . . . , 𝑎𝑛+1}. The Zimin string [41] 𝑍𝑛 over {𝑎1, . . . , 𝑎𝑛} is defined recursively309

by 𝑍1 = 𝑎1 and 𝑍𝑖 = 𝑍𝑖−1𝑎𝑖𝑍𝑖−1 for 1 < 𝑖 ≤ 𝑛. The letter 𝑎𝑛+1 occurs in no Zimin string and plays a special role in310

what follows: it terminates the counting. Accordingly, the string 𝑍𝑛𝑎𝑛+1, which is of length 2𝑛, is the shortest string311

rejected by the automaton constructed below. It is well known that |𝑍𝑛 | = 2𝑛−1 [42] and that it satisfies the following312

property.313

Lemma 10 ([43]). The ℓth letter of 𝑍𝑛 is 𝑎 𝑗 , where 𝑗 −1 equals the number of trailing zeros in the binary representation314

of ℓ. □315

We now construct an rpoNFA A𝑛 = (𝑄𝑛,Σ𝑛+1, 𝛿, 𝐼,𝑄𝑛). Let316

𝑄𝑛 = {𝑥0
𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑥1

𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑞+} and 𝐼 = {𝑥0
𝑖 | 1 ≤ 𝑖 ≤ 𝑛}.

The transition relation is defined as follows (see Figure 3):317

1. 𝑞+
𝜎−→ 𝑞+ for every 𝜎 ∈ Σ𝑛+1.318

2. For every state 𝑥0
𝑖
:319

• 𝑥0
𝑖

𝑎 𝑗−−→ 𝑥0
𝑖

for 1 ≤ 𝑗 < 𝑖,320

• 𝑥0
𝑖

𝑎𝑖−→ 𝑥1
𝑖
,321

• 𝑥0
𝑖

𝑎𝑖−→ 𝑥0
𝑗

for 1 ≤ 𝑗 < 𝑖,322

• 𝑥0
𝑖

𝑎 𝑗−−→ 𝑞+ for 𝑖 +1 ≤ 𝑗 ≤ 𝑛+1.323
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Figure 3: The rpoNFA A𝑛; initial states are squared and all states are accepting. For positive integers 𝑖 ≤ 𝑗, [𝑖, 𝑗 ] = {𝑖, 𝑖 + 1, . . . , 𝑗 } and
𝑎[𝑖, 𝑗 ] = {𝑎𝑟 | 𝑟 ∈ [𝑖, 𝑗 ] }.

3. For every state 𝑥1
𝑖
:324

• 𝑥1
𝑖

𝑎 𝑗−−→ 𝑥1
𝑖

for 1 ≤ 𝑗 < 𝑖,325

• 𝑥1
𝑖

𝑎𝑖−→ 𝑞+.326

The automaton is an rpoNFA, since no state has a nondeterministic choice between a self-loop and a non-self-loop327

transition.328

Before analyzing A𝑛, we fix the terminology used throughout this section. Let 0 ≤ ℓ ≤ 2𝑛 −1 be an integer with329

binary representation ℓ = (𝑟𝑛𝑟𝑛−1 · · ·𝑟1)2. We say that a configuration 𝑌 ⊆ 𝑄𝑛 encodes ℓ if330

𝑌 = {𝑥𝑟1
1 , 𝑥

𝑟2
2 , . . . , 𝑥𝑟𝑛𝑛 },

that is, if for every 𝑖 the state of 𝑌 with lower index 𝑖 carries, as its upper index, the 𝑖th bit of ℓ. Equivalently, 𝑌331

encodes some integer if and only if 𝑞+ ∉ 𝑌 and 𝑌 contains exactly one of the states 𝑥0
𝑖
, 𝑥1

𝑖
for every 𝑖 = 1, . . . , 𝑛; the332

encoded integer is then uniquely determined. Every configuration𝑌 that encodes an integer also determines a valuation333

𝑒𝑌 of the variables 𝑥1, . . . , 𝑥𝑛, namely 𝑒𝑌 (𝑥𝑖) = 𝑟𝑖; this is used in Section 4.2 below. For example, let 𝑛 = 3. The334

initial configuration 𝐼 = {𝑥0
1, 𝑥

0
2, 𝑥

0
3} encodes (000)2 = 0, the configuration {𝑥1

1, 𝑥
0
2, 𝑥

1
3} encodes (101)2 = 5, and neither335

{𝑥0
1, 𝑥

1
1, 𝑥

0
3} nor {𝑥0

1, 𝑥
0
2, 𝑥

0
3, 𝑞+} encodes an integer. Reading 𝑍3𝑎4 = 𝑎1𝑎2𝑎1𝑎3𝑎1𝑎2𝑎1𝑎4 from 𝐼, the automaton A3336

passes through the configurations encoding 0,1,2, . . . ,7 in this order, and the final letter 𝑎4 then leads to the empty337

configuration; see Lemmas 12 and 13.338

Lemma 11. Let 𝑌 = {𝑥𝑟1
1 , . . . , 𝑥

𝑟𝑛
𝑛 } be a configuration encoding ℓ = (𝑟𝑛𝑟𝑛−1 · · ·𝑟1)2, let 𝑎 ∈ Σ𝑛+1, and let 𝑌 𝑎−→ 𝑌 ′. Let339

further 𝑎𝑡 denote the (ℓ +1)st letter of 𝑍𝑛𝑎𝑛+1; by Lemma 10, the index 𝑡 is uniquely determined by ℓ, namely 𝑡 −1 is340

the number of trailing zeros in the binary representation of ℓ +1. (In particular, 𝑡 = 𝑛+1 if and only if ℓ = 2𝑛 −1.)341

(a) If ℓ < 2𝑛 −1 and 𝑎 = 𝑎𝑡 , then 𝑌 ′ encodes ℓ +1.342

(b) If ℓ = 2𝑛 −1 and 𝑎 = 𝑎𝑡 , then 𝑌 ′ = ∅.343

(c) If 𝑎 ≠ 𝑎𝑡 , then 𝑞+ ∈ 𝑌 ′.344

Proof. (a) By Lemma 10, 𝑟𝑡 is the rightmost zero of 𝑟𝑛𝑟𝑛−1 · · ·𝑟1, i.e., 𝑟𝑛 · · ·𝑟1 = 𝑟𝑛 · · ·𝑟𝑡+101 · · ·1. The transition under345

𝑎𝑡 flips this bit and resets all lower bits, yielding the configuration encoding ℓ +1.346

(b) In this case, ℓ = 2𝑛 −1 = (11 · · ·1)2 and 𝑎𝑡 = 𝑎𝑛+1. No transitions are defined from states 𝑥1
𝑖

under 𝑎𝑛+1, so the347

configuration becomes empty.348

(c) If 𝑎 = 𝑎𝑠 ≠ 𝑎𝑡 , then either 𝑠 > 𝑡 or 𝑠 < 𝑡. In both cases, a transition to 𝑞+ is enabled, so 𝑞+ ∈ 𝑌 ′. □349
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Lemma 12. After reading a prefix of 𝑍𝑛 of length ℓ ≤ 2𝑛 − 1, the configuration of A𝑛 is {𝑥𝑟𝑛𝑛 , 𝑥
𝑟𝑛−1
𝑛−1 , . . . , 𝑥

𝑟1
1 }, where350

(𝑟𝑛𝑟𝑛−1 · · ·𝑟1)2 = ℓ.351

Proof. We proceed by induction on ℓ. For ℓ = 0, the initial configuration is {𝑥0
𝑛, 𝑥

0
𝑛−1, . . . , 𝑥

0
1}, which encodes 0.352

Assume that the claim holds for some ℓ < 2𝑛 − 1, i.e., after reading a prefix of 𝑍𝑛 of length ℓ, the configuration is353

{𝑥𝑟𝑛𝑛 , . . . , 𝑥
𝑟1
1 } with (𝑟𝑛 · · ·𝑟1)2 = ℓ. Let 𝑎𝑡 be the (ℓ+1)st letter of 𝑍𝑛 (as characterized in Lemma 10). By Lemma 11(a),354

reading 𝑎𝑡 transforms the configuration into {𝑥𝑠𝑛𝑛 , . . . , 𝑥
𝑠1
1 }, where (𝑠𝑛 · · · 𝑠1)2 = ℓ+1. This completes the induction. □355

Lemma 13. The automaton A𝑛 accepts exactly the strings that do not have 𝑍𝑛𝑎𝑛+1 as a prefix.356

Proof. Let 𝑤 ∈ Σ∗
𝑛+1. If 𝑍𝑛𝑎𝑛+1 is a prefix of 𝑤, then after reading 𝑍𝑛 the automaton reaches the configuration encoding357

2𝑛 −1. The next letter is 𝑎𝑛+1, and by Lemma 11(b) the configuration becomes empty. Hence 𝑤 is rejected.358

Otherwise, let 𝑢 be the longest prefix of 𝑤 that is also a prefix of 𝑍𝑛. If 𝑢 = 𝑤, then A𝑛 accepts 𝑤. If 𝑢 ≠ 𝑤, then359

the next letter differs from the expected one in 𝑍𝑛𝑎𝑛+1. By Lemma 11(c), the state 𝑞+ is reached. Since 𝑞+ is accepting360

and has self-loops under all letters, the automaton accepts 𝑤. □361

4.2. Main results362

Let 𝜑 be a 𝑘-CNF formula over variables {𝑥1, . . . , 𝑥𝑛} with a set of clauses 𝐶. We construct an rpoNFA A𝜑 that363

is universal if and only if 𝜑 is satisfiable. The construction is based on a modification of the automaton A𝑛 from the364

previous subsection.365

Idea. The automaton A𝑛 accepts all strings except those prefixed with 𝑍𝑛𝑎𝑛+1. While reading 𝑍𝑛𝑎𝑛+1 = 𝑤1𝑤2 . . . 𝑤2𝑛 ,366

it traverses configurations367

𝑌0
𝑤1−−→ 𝑌1

𝑤2−−→ 𝑌2
𝑤3−−→ · · · 𝑤2𝑛−−−→ 𝑌2𝑛 , (3)

where 𝑌2𝑛 = ∅, and for 𝑖 < 2𝑛 we have 𝑌𝑖 = {𝑥𝑟1
1 , . . . , 𝑥

𝑟𝑛
𝑛 } with 𝑖 = (𝑟𝑛𝑟𝑛−1 . . . 𝑟1)2. That is, 𝑌𝑖 encodes 𝑖 in the sense of368

Section 4.1, and the valuation it determines is 𝑒𝑌𝑖 (𝑥 𝑗 ) = 𝑟 𝑗 .369

We extend the alphabet to Σ𝜑 = Σ𝑛+1 ×𝐶. Each transition now carries both a letter and a clause. The construction370

ensures that for every transition371

𝑌𝑖
(𝑤𝑖+1 ,𝑐)−−−−−−→ 𝑌𝑖+1

along (3), the configuration 𝑌𝑖+1 contains 𝑞+ if and only if the clause 𝑐 is satisfied by 𝑒𝑌𝑖 .372

If 𝜑 is satisfiable, then for some valuation 𝑒𝑌𝑖 all clauses are satisfied, and hence every choice of 𝑐 ∈ 𝐶 adds 𝑞+ to373

the configuration. Thus all strings are accepted and A𝜑 is universal.374

Conversely, if 𝜑 is unsatisfiable, then for every valuation there exists a clause that is not satisfied. By consistently375

choosing such clauses, we obtain a string that avoids adding 𝑞+, and hence A𝜑 is not universal.376

Construction.377

The automaton A𝜑 = (𝑄,Σ𝜑 , 𝛿, 𝐼,𝑄) is defined as follows. The set of states and the set of initial states are the378

same as for A𝑛, that is,379

𝑄 = {𝑥0
𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑥1

𝑖 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑞+} and 𝐼 = {𝑥0
𝑖 | 1 ≤ 𝑖 ≤ 𝑛}.

Let L denote the set of literals of 𝜑, and, for ℓ ∈ L, define cl(ℓ) = {𝑐 ∈ 𝐶 | ℓ ∈ 𝑐}. The transition function is defined380

as follows (see Figure 4 and the example below the proof of Theorem 19 for an illustration):381

1. 𝑞+
𝜎−→ 𝑞+ for all 𝜎 ∈ Σ𝜑 .382

2. For every 𝑥0
𝑖

and 𝑐 ∈ 𝐶 −cl(¬𝑥𝑖):383

• 𝑥0
𝑖

(𝑎 𝑗 ,𝑐)−−−−−→ 𝑥0
𝑖

for 1 ≤ 𝑗 < 𝑖,384

• 𝑥0
𝑖

(𝑎𝑖 ,𝑐)−−−−−→ 𝑥1
𝑖
,385

• 𝑥0
𝑖

(𝑎𝑖 ,𝑐)−−−−−→ 𝑥0
𝑗

for 1 ≤ 𝑗 < 𝑖,386
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Figure 4: The NFA A𝜑 of Proposition 18, where the initial states are squared, all states are accepting, and for positive integers 𝑖 ≤ 𝑗, [𝑖, 𝑗 ] =
{𝑖, 𝑖 +1, . . . , 𝑗 } and 𝑎[𝑖, 𝑗 ] = {𝑎𝑟 | 𝑟 ∈ [𝑖, 𝑗 ] }; here, for a literal ℓ, 𝐶ℓ stands for 𝐶 − cl(ℓ ) .

• 𝑥0
𝑖

(𝑎 𝑗 ,𝑐)−−−−−→ 𝑞+ for 𝑖 +1 ≤ 𝑗 ≤ 𝑛+1.387

3. For every 𝑥0
𝑖

and 𝑐 ∈ cl(¬𝑥𝑖):388

• 𝑥0
𝑖

(𝑎 𝑗 ,𝑐)−−−−−→ 𝑞+ for all 1 ≤ 𝑗 ≤ 𝑛+1.389

4. For every 𝑥1
𝑖

and 𝑐 ∈ 𝐶 −cl(𝑥𝑖):390

• 𝑥1
𝑖

(𝑎 𝑗 ,𝑐)−−−−−→ 𝑥1
𝑖

for 1 ≤ 𝑗 < 𝑖,391

• 𝑥1
𝑖

(𝑎𝑖 ,𝑐)−−−−−→ 𝑞+.392

5. For every 𝑥1
𝑖

and 𝑐 ∈ cl(𝑥𝑖):393

• 𝑥1
𝑖

(𝑎 𝑗 ,𝑐)−−−−−→ 𝑞+ for all 1 ≤ 𝑗 ≤ 𝑛+1.394

The automaton is weakly acyclic and self-loop deterministic.395

Define lit(𝑥𝑟 ) by396

lit(𝑥𝑟 ) =
{
¬𝑥 if 𝑟 = 0,
𝑥 if 𝑟 = 1.

The construction can be viewed as modifying A𝑛 as follows. For every 𝑥 ∈ {𝑥0
𝑖
| 1 ≤ 𝑖 ≤ 𝑛}∪ {𝑥1

𝑖
| 1 ≤ 𝑖 ≤ 𝑛} and every397

𝑥′ ∈ 𝑄:398

1. Replace each transition 𝑥
𝑎−→ 𝑥′ with transitions 𝑥

(𝑎,𝑐)
−−−−→ 𝑥′ for all 𝑐 such that lit(𝑥) ∉ 𝑐.399

2. Add transitions 𝑥
(𝑎,𝑐)
−−−−→ 𝑞+ whenever lit(𝑥) ∈ 𝑐 and 𝑎 ∈ Σ𝑛+1.400

3. Keep 𝑞+ as a universal sink, that is, it self-loops under all letters in Σ𝜑 .401

Without loss of generality, we assume that for every literal there exists a clause not containing it; if not, 𝜑 is trivially402

satisfiable and we replace A𝜑 by a trivial universal rpoNFA.403

Note that A𝜑 is not a ptNFA, since it is neither complete nor confluent.404
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Lemma 14. Let 𝑌 = {𝑥𝑟1
1 , . . . , 𝑥

𝑟𝑛
𝑛 } be a configuration encoding an integer, and let 𝑒𝑌 be the valuation it determines.405

Let (𝑎, 𝑐) ∈ Σ𝜑 , and consider a transition 𝑌
(𝑎,𝑐)
−−−−→ 𝑌 ′ in A𝜑 and a transition 𝑌

𝑎−→ 𝑌 ′′ in A𝑛.406

(a) If 𝑐 is not satisfied by 𝑒𝑌 , then 𝑌 ′ = 𝑌 ′′.407

(b) If 𝑐 is satisfied by 𝑒𝑌 , then 𝑌 ′ contains 𝑞+.408

Proof. (a) Since 𝑐 is not satisfied by 𝑒𝑌 , we have lit(𝑥𝑟𝑖
𝑖
) ∉ 𝑐 for all 𝑖 = 1, . . . , 𝑛. Hence, a transition 𝑥

𝑟𝑖
𝑖

(𝑎,𝑐)
−−−−→ 𝑝 exists409

in A𝜑 if and only if the transition 𝑥
𝑟𝑖
𝑖

𝑎−→ 𝑝 exists in A𝑛. Therefore 𝑌 ′ = 𝑌 ′′.410

(b) Since 𝑐 is satisfied by 𝑒𝑌 , there exists 𝑖 such that lit(𝑥𝑟𝑖
𝑖
) ∈ 𝑐. By construction, A𝜑 contains a transition411

𝑥
𝑟𝑖
𝑖

(𝑎,𝑐)
−−−−→ 𝑞+, and thus 𝑞+ ∈ 𝑌 ′. □412

Let 𝜋 : Σ∗
𝜑 → Σ∗

𝑛+1 be the homomorphism given by 𝜋((𝑎, 𝑐)) = 𝑎, and define413

W𝜑 = {𝑤 ∈ Σ∗
𝜑 | 𝜋(𝑤) = 𝑍𝑛𝑎𝑛+1}.

Lemma 15. A𝜑 accepts every string that does not have a prefix in W𝜑 .414

Proof. Let𝑤 ∈ Σ∗
𝜑 have no prefix inW𝜑 . By Lemma 14, eitherA𝜑 follows exactly the same sequence of configurations415

as A𝑛 on 𝜋(𝑤), in which case the claim follows from Lemma 13, or A𝜑 reaches a configuration containing 𝑞+ and416

hence accepts 𝑤. □417

Lemma 16. If 𝜑 is satisfiable, then A𝜑 accepts every string having a prefix in W𝜑 .418

Proof. Let 𝑤 ∈ Σ∗
𝜑 have a prefix in W𝜑 . Let ℓ = (𝑟𝑛𝑟𝑛−1 · · ·𝑟1)2 be the smallest number such that the valuation 𝑒419

defined by 𝑒(𝑥𝑖) = 𝑟𝑖 satisfies 𝜑. Let 𝑢 be the prefix of 𝑤 of length ℓ. Note that 𝑢 is a proper prefix of 𝑤, since |𝑤 | ≥ 2𝑛420

and ℓ ≤ 2𝑛−1. By Lemma 14, after reading 𝑢 the automaton A𝜑 either already contains 𝑞+ (and we are done), or it is421

in configuration 𝑌 = {𝑥𝑟1
1 , . . . , 𝑥

𝑟𝑛
𝑛 }. Since 𝜋(𝑢) is a prefix of 𝑍𝑛, this follows from Lemma 12. Let the (ℓ +1)st letter422

of 𝑤 be (𝑎, 𝑐). Since 𝜑 is satisfied by 𝑒 = 𝑒𝑌 , the clause 𝑐 is satisfied by 𝑒𝑌 . By Lemma 14(b), reading (𝑎, 𝑐) adds 𝑞+423

to the configuration, and hence 𝑤 is accepted. □424

Lemma 17. If 𝜑 is not satisfiable, then there exists a string 𝑤𝜑 ∈W𝜑 that is not accepted by A𝜑 .425

Proof. We construct a sequence 𝜀 = 𝑤0,𝑤1, . . . ,𝑤2𝑛 = 𝑤𝜑 of prefixes of 𝑤𝜑 such that for every ℓ = 0, . . . ,2𝑛, the426

configuration of A𝜑 after reading 𝑤ℓ coincides with the configuration of A𝑛 after reading 𝜋(𝑤ℓ). The claim then427

follows from Lemma 13.428

The construction proceeds by induction on ℓ. The initial configurations coincide by definition. Assume that the429

claim holds for some ℓ < 2𝑛, and let the common configuration be 𝑌 . By Lemma 12, we have 𝑌 = {𝑥𝑟1
1 , . . . , 𝑥

𝑟𝑛
𝑛 } and430

ℓ = (𝑟𝑛𝑟𝑛−1 . . . 𝑟1)2. Since 𝜑 is not satisfiable, there exists a clause 𝑐 that is not satisfied by 𝑒𝑌 . Let 𝑎 be the (ℓ +1)st431

letter of 𝑍𝑛𝑎𝑛+1, and define 𝑤ℓ+1 = 𝑤ℓ (𝑎, 𝑐). By Lemma 14(a), the configurations after reading 𝑤ℓ+1 in A𝜑 and432

𝜋(𝑤ℓ+1) in A𝑛 coincide. □433

Combining the above lemmas, we obtain the reduction announced in Section 1.1. As in Section 3, we state the434

reduction on its own, and derive the conditional lower bounds from it afterwards.435

Proposition 18. Let 𝜑 be a 𝑘-CNF formula with 𝑛 ≥ 1 variables and 𝑚 clauses. The rpoNFA A𝜑 can be constructed436

in time polynomial in the size of 𝜑; it has all states accepting, 𝑁 = 2𝑛+1 states, and an alphabet of size (𝑛+1)𝑚, and437

it is universal if and only if 𝜑 is satisfiable. Moreover, if 𝜑 is not satisfiable, then every string not accepted by A𝜑 has438

length at least 2𝑛, and there is a string of length 2𝑛 = 2⌊𝑁/2⌋ that is not accepted.439

Proof. The automaton A𝜑 has the state set 𝑄 of size 2𝑛+1, all states accepting, and the alphabet Σ𝜑 = Σ𝑛+1 ×𝐶 of440

size (𝑛+1)𝑚; the transitions are determined by membership of literals in clauses and can be listed in polynomial time.441

If 𝜑 is satisfiable, then A𝜑 accepts every string with a prefix in W𝜑 by Lemma 16, and every string without such a442

prefix by Lemma 15; hence A𝜑 is universal. If 𝜑 is not satisfiable, then Lemma 17 provides a string 𝑤𝜑 ∈ W𝜑 that443

is not accepted, so A𝜑 is not universal. Every element of W𝜑 has length |𝑍𝑛𝑎𝑛+1 | = 2𝑛, and by Lemma 15 every444

non-accepted string has a prefix in W𝜑 and hence length at least 2𝑛. Finally, 2𝑛 = 2⌊𝑁/2⌋ because 𝑁 = 2𝑛+1. □445
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Figure 5: The NFA A𝜑 illustrating Proposition 18; the initial states are squared and all states are accepting. The notation such as (𝑎1,2, 𝑐1,2,3,5 )
is an abbreviation of the set of transitions {𝑎1, 𝑎2} × {𝑐1, 𝑐2, 𝑐3, 𝑐5}.

Theorem 19. Unless SETH fails, there is no algorithm deciding universality of an 𝑁-state rpoNFA with all states446

accepting that runs in time 𝑂∗ (2𝑁/(2+𝜖 ) ) for any 𝜖 > 0.447

Proof. Let 𝜑 be a 𝑘-CNF formula with 𝑛 variables. By Proposition 18, the automaton A𝜑 has 𝑁 = 2𝑛 + 1 states,448

can be constructed in polynomial time, and is universal if and only if 𝜑 is satisfiable. Hence, an algorithm deciding449

universality in time𝑂∗ (2𝑁/(2+𝜖 ) ) would yield an algorithm for 𝑘-SAT running in time𝑂 (poly(𝑛)) +𝑂∗ (2(2𝑛+1)/(2+𝜖 ) ) =450

𝑂∗ (2(1−𝛿 )𝑛), where 𝛿 = 𝜖/(2+ 𝜖) > 0. This contradicts SETH. □451

Remark 20. In contrast with Proposition 4, the alphabet Σ𝜑 of Proposition 18 is of size (𝑛+1)𝑚 and hence grows with452

the input. The binary encoding used at the end of the proof of Proposition 4 does not help here: encoding an alphabet453

of size 𝑠 over {0,1} replaces each state by a binary tree of depth ⌈log 𝑠⌉ and therefore multiplies the number of states454

by Θ(log(𝑛𝑚)). The resulting automaton has Θ(𝑛 log(𝑛𝑚)) states, and the reduction then only rules out algorithms455

running in time 2𝑜 (𝑁/log𝑁 ) , which is subsumed by Theorem 5. Whether the bound of Theorem 19 can be achieved456

over a fixed alphabet is left open; see also Section 6.457

For illustration, we provide a simple example based on a 2-CNF formula 𝜑 = (𝑥2 ∨ 𝑥2) ∧ (𝑥1 ∨ 𝑥2) ∧ (¬𝑥1 ∨458

𝑥3) ∧ (¬𝑥2 ∨¬𝑥3) ∧ (𝑥3) with three variables 𝑥1, 𝑥2, 𝑥3 and five clauses 𝑐1 = {𝑥2, 𝑥2}, 𝑐2 = {𝑥1, 𝑥2}, 𝑐3 = {¬𝑥1, 𝑥3}, 𝑐4 =459

{¬𝑥2,¬𝑥3}, and 𝑐5 = {𝑥3}. The automaton A𝜑 = (𝑄,Σ, 𝛿, {𝑥0
1, 𝑥

0
2, 𝑥

0
3},𝑄) is depicted in Figure 5, where 𝑄 = {𝑞+} ∪460

{𝑥0
1, 𝑥

1
1, 𝑥

0
2, 𝑥

1
2, 𝑥

0
3, 𝑥

1
3} and Σ = {𝑎1, 𝑎2, 𝑎3, 𝑎4} × {𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5}.461

Since 𝜑 is not satisfiable, the automaton A𝜑 is not universal. Indeed, the string (𝑎1, 𝑐1) (𝑎2, 𝑐1) (𝑎1, 𝑐5) (𝑎3, 𝑐3)462

(𝑎1, 𝑐1) (𝑎2, 𝑐1) (𝑎1, 𝑐4) (𝑎4, 𝑐4) leads A𝜑 to the empty configuration; see Figure 6 (left), which depicts the reachable463

configurations of A𝜑 .464

On the other hand, consider the formula 𝜑′ = 𝑐1 ∧ 𝑐2 ∧ 𝑐3 ∧ 𝑐4. Then 𝜑′ is satisfiable, and hence the automaton465

A𝜑′ , obtained from A𝜑 by removing all transitions labeled by letters containing 𝑐5, is universal. This can be observed466

from the reachable configurations of A𝜑′ shown in Figure 6 (right).467

4.3. Consequences for inclusion, equivalence, and the shortest non-accepted string problems468

Since the single-state automaton for the language Σ∗ is weakly acyclic, we obtain the following consequence for469

language inclusion and equivalence.470

Corollary 21. Let A1 and A2 be rpoNFAs with 𝑛1 and 𝑛2 states, respectively, and let 𝑛 = max(𝑛1, 𝑛2). Unless SETH471

fails, there is no algorithm deciding whether 𝐿 (A1) ⊆ 𝐿 (A2) in time𝑂∗ (2𝑛/(2+𝜖 ) ), and no algorithm deciding whether472

𝐿 (A1) = 𝐿 (A2) in time 𝑂∗ (2𝑛/(2+𝜖 ) ), for any 𝜖 > 0. □473
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Figure 6: Reachable configurations of A𝜑 (left) and A𝜑′ (right). All undefined transitions lead to the dashed middle state. Since all states of A𝜑

are accepting, every configuration except ∅ is accepting.

The automaton of Proposition 18 rejects, if at all, only strings of length at least 2𝑛. This yields the SETH474

counterpart of Corollary 9 for the length-restricted variants of universality.475

Corollary 22. Unless SETH fails, there is no algorithm that, given an 𝑁-state rpoNFA A with all states accepting476

and an integer ℓ encoded in binary, decides whether Σℓ ⊆ 𝐿 (A) in time 𝑂∗ (2𝑁/(2+𝜖 ) ), for any 𝜖 > 0. The same holds477

for Σ≤ℓ ⊆ 𝐿 (A).478

Proof. Let 𝜑 be a 𝑘-CNF formula with 𝑛 variables, let A𝜑 be the automaton of Proposition 18 with 𝑁 = 2𝑛+1 states,479

and set ℓ = 2𝑛, which is representable in 𝑛+1 bits. By Proposition 18, every string not accepted by A𝜑 has length at480

least 2𝑛, and if A𝜑 is not universal, then some string of length 2𝑛 is not accepted. Hence Σℓ ⊆ 𝐿 (A𝜑) if and only if481

Σ≤ℓ ⊆ 𝐿 (A𝜑) if and only if A𝜑 is universal, and the claim follows from Theorem 19. □482

Ellul et al. [34] considered the problem of determining, given an NFA A, the minimum length of a string not483

accepted by A. They showed that there exists an 𝑛-state NFA for which the shortest non-accepted string has length484

2𝑐𝑛 for some constant 0 < 𝑐 ≤ 1. In particular, they constructed a weakly acyclic NFA over a five-letter alphabet485

whose shortest non-accepted string has length at least 2𝑛/25. By binary encoding, they obtained an NFA (no longer486

weakly acyclic) with a shortest non-accepted string of length at least 2𝑛/75. This result also holds for NFAs with487

all states accepting [30]. Krötzsch et al. [14] showed that even binary weakly acyclic NFAs can have exponentially488

long shortest non-accepted strings, and that there are rpoNFAs over an 𝑛-letter alphabet with 𝑛(𝑛 + 2) states whose489

shortest non-accepted string has length
(2𝑛
𝑛

)
−1. As discussed in Section 1.1, the strongest bound of this kind is due to490

Masopust and Krötzsch [29], who obtained it already for ptNFAs; in terms of the number 𝑁 of states, it is 2Θ(
√
𝑁 ) .491

Our construction from the previous section yields shortest non-accepted strings of length 2(𝑛−1)/2 for rpoNFAs492

with all states accepting, over a growing alphabet, thus improving the exponent fromΘ(
√
𝑛) toΘ(𝑛). As a consequence,493

we obtain the following corollary.494

Corollary 23. Unless SETH fails, there is no algorithm that, given an 𝑁-state rpoNFA, decides whether the shortest495

non-accepted string has length 2⌊𝑁/2⌋ in time 𝑂∗ (2𝑁/(2+𝜖 ) ), for any 𝜖 > 0. The result holds even if all states of the496

automaton are accepting.497

Proof. We use the automaton A𝜑 of Proposition 18, which has 𝑁 = 2𝑛+1 states, where 𝑛 is the number of variables498

of 𝜑. By Proposition 18, if 𝜑 is not satisfiable, then the shortest non-accepted string of A𝜑 has length 2𝑛 = 2⌊𝑁/2⌋ ,499

and otherwise A𝜑 is universal and no such string exists. A decision procedure for the former property running in time500

𝑂∗ (2𝑁/(2+𝜖 ) ) would therefore decide 𝑘-SAT within the time bound excluded in the proof of Theorem 19. □501

As is well known, the length of the shortest non-accepted string bounds from below the number of states of an502

equivalent deterministic automaton: if 𝑤 is a shortest string not in a language 𝐿, then the states reached by the prefixes503

of 𝑤 in any DFA recognizing 𝐿 are pairwise distinct, since two prefixes leading to the same state would yield a shorter504

string outside 𝐿. Consequently, for an unsatisfiable 𝜑, no DFA with fewer than 2𝑛 +1 = 2(𝑁−1)/2 +1 states recognizes505

𝐿 (A𝜑).506

The lower bound of Corollary 23 can be generalized as follows. Let 𝑏 > 2 be a fixed integer and let 𝜑 be a 𝑘-CNF507

formula with 𝑛 variables. Let A be the automaton obtained from the automaton A𝜑 of Proposition 18 by adding508
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(𝑏−2)𝑛−1 isolated non-accepting states. Since A𝜑 has 2𝑛+1 states, the resulting automaton A has 𝑁 = 𝑏𝑛 states.509

If 𝜑 is not satisfiable, then the shortest non-accepted string of A has length 2𝑛 = 2𝑁/𝑏. Consequently, unless SETH510

fails, there is no algorithm running in time 𝑂∗ (2𝑁/(𝑏+𝜖 ) ) that decides whether the shortest non-accepted string of an511

𝑁-state rpoNFA has length 2𝑁/𝑏.512

Observe the connection between the shortest non-accepted string and bounded universality. An integer ℓ is the513

length of the shortest non-accepted string of a language 𝐿 if and only if ℓ is the maximum number such that Σ≤ℓ−1 ⊆ 𝐿.514

Since bounded universality is PSpace-complete for NFAs [31], the decision problem for the shortest non-accepted515

string is also PSpace-complete. Moreover, Fernau and Krebs [10] showed that, unless SETH fails, there is no algorithm516

running in time 𝑂∗ (( |Σ | − 𝜖)ℓ), for any 𝜖 > 0, that decides, given an NFA A and an integer ℓ (encoded in unary),517

whether there exists a string in Σ≤ℓ that is not accepted by A.518

Finally, we point out that it remains open whether analogous results hold for ptNFAs.519

5. Automata with all states accepting520

Kao et al. [30] studied NFAs in which all states are accepting and showed that deciding universality for such NFAs521

is PSpace-complete. However, their reduction introduces cycles and therefore does not apply to weakly acyclic NFAs.522

For completeness, we show that requiring all states to be accepting does not affect the complexity of universality for523

weakly acyclic NFAs and for their self-loop deterministic subclass, rpoNFAs. This observation does not extend to524

ptNFAs: due to completeness in their definition, every ptNFA with all states accepting is necessarily universal.525

Recall that universality is PSpace-complete for weakly acyclic NFAs (even over a binary alphabet) and also for526

rpoNFAs; if the alphabet is fixed, the problem becomes coNP-complete.527

Theorem 24. The complexity of deciding universality for poNFAs (resp. rpoNFAs) with all states accepting coincides528

with the complexity of deciding universality for poNFAs (resp. rpoNFAs) without this restriction.529

Proof. Let A be an NFA over an alphabet Σ. We encode acceptance by transitions under a fresh letter. Construct an530

automaton A′ by taking a copy of A, adding a new state 𝑞 and a new letter #, and extending the transition function as531

follows:532

• for every accepting state of A, add a transition under # to 𝑞,533

• add self-loops under all letters in Σ∪ {#} at 𝑞,534

• declare all states of A′ to be accepting.535

We show that A is universal over Σ if and only if A′ is universal over Σ∪ {#}.536

Assume first that A is universal. Then every computation of A′ on a string 𝑤 ∈ Σ∗ reaches only configurations537

containing at least one accepting state of A. Hence, at any position of the computation, A′ can read the letter # and538

move to 𝑞, from which it accepts any continuation. Therefore, A′ accepts every string over Σ∪ {#}.539

Conversely, assume that A is not universal. Then there exists a string 𝑤 ∈ Σ∗ such that A reaches a configuration540

with no accepting state. The same holds for A′. From such a configuration, no #-transition is enabled, and hence A′
541

does not accept 𝑤#. Thus, A′ is not universal.542

The construction preserves weak acyclicity as well as self-loop determinism, which completes the proof. □543

On the other hand, the construction of A𝜑 in the previous section does not require all states to be accepting.544

In fact, it is sufficient to designate only three states as accepting, for example {𝑥0
1, 𝑥

1
1, 𝑞+}. Indeed, every reachable545

configuration of A𝜑 either encodes a valuation of the input formula, in which case it contains exactly one of 𝑥0
𝑖

or 𝑥1
𝑖

546

for each 𝑖 = 1, . . . , 𝑛, or it contains the state 𝑞+. Hence, at least one of these designated states is always present in every547

accepting computation.548
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6. Conclusions549

We studied conditional lower bounds for the universality problem for several classes of weakly acyclic NFAs.550

We showed that, assuming ETH, there is no subexponential-time algorithm 2𝑜 (𝑛) deciding universality for any of551

the considered automata classes, even over a binary alphabet. Under SETH, we further strengthened this result for552

rpoNFAs by proving that there is no algorithm deciding universality in time 𝑂∗ (2𝑛/𝑐) for any 𝑐 > 2; this holds even if553

all states of the automaton are accepting. Hence, the currently known algorithms are essentially optimal up to constant554

factors in the exponent.555

In particular, our results rule out algorithms with running time 𝑂∗ (1.4𝑛) for universality of rpoNFAs. However,556

they do not preclude algorithms with running time 𝑂∗ (1.5𝑛). Whether such algorithms exist, or whether the lower557

bounds can be further tightened, remains an open problem. Another natural question is whether our SETH-based558

lower bounds for rpoNFAs can be extended to ptNFAs or to rpoNFAs over a fixed alphabet. We regard the latter as the559

main question left open here: the reduction of Proposition 18 is linear in the number of states but not in the size of the560

alphabet, and, as explained in Remark 20, encoding the alphabet in binary destroys the constant in the exponent.561

As an immediate consequence, the same lower bounds apply to the language inclusion and equivalence problems562

for the considered automata classes. We also discussed implications for weakly acyclic automata with all states563

accepting, as well as for the problems of bounded universality and determining the length of the shortest non-accepted564

string.565
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